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Abstract 

For a general Fuchsian group of the first kind with an arbitrary unitary 
representation we define zeta functions related to the contributions of the 
identity, hyperbolic, elliptic and parabolic conjugacy classes in Selberg's 
trace formula. We present Selberg's zeta function in terms of a regular- 
ized determinant of the automorphic Laplacian. We also present the zeta 
function for the identity contribution in terms of a regularized determi- 
nant of the Laplacian on the two dimensional sphere. We express the 
zeta functions for the elliptic and parabolic contributions in terms of cer- 
tain regularized determinants of one dimensional Schroedinger operator 
for harmonic oscillator. We decompose the determinant of the automor- 
phic Laplacian into a product of the determinants where each factor is 
a determinant representation of a zeta function related to Selberg's trace 
formula. Then we derive an identity connecting the determinants of the 
automorphic Laplacians on different Riemannian surfaces related to the 
arithmetical groups. Finally, by using the Jacquet-Langlands correspon- 
dence we connect the determinant of the automorphic Laplacian for the 
unit group of quaternions to the product of the determinants of the auto- 
morphic Laplacians for certain cogruence subgroups. 
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A Spectral theory of automorphic functions 



1 Introduction 

Regularized determinants (RD) for Laplace operators on compact Ricmannian 
manifolds have been extensively studied and used in mathematics and theoret- 
ical (mathematical) physics already for a long time. In mathematics, it was 
started in 1971 by Ray and Singer (see [ST]) where they introduced an analytic 
torsion for a compact manifold. The regularization of the determinant was done 
through the analytic continuation of the spectral zeta function which was de- 
fined and studied by Minakshisundaram and Pleiyel in 1949 (see [51], and also 
see the paper by Krein |4"5|). 

In quantum field theory, RD of differential operators were defined and ap- 
plied by the outstanding physicists Fock [32] in 1937, Schwinger [OT] in 1951, 
Faddeev [30] in 1967, Hawking [37] in 1977, and their students (for more refer- 
ences and interesting comments see also the book of Leon Takhtajan [64]). 

The results are much more explicit mathematically when we consider com- 
pact Ricmannian surfaces (see [30] 001 [Ml EH US [30] ) ■ The Selberg zeta function 
is important in this context (see also [321 03J [33] and Efrat [IE])- RD and the 
Selberg zeta function have some more interesting applications: 

1 In the AdS/CFT correspondence 0[H]. 

2 To derive a semiclassical approximation to topological quantum invariants 
coming from the Chern-Simons action on 3d hyperbolic manifolds [33]. 

3 To study a Ricci flow on non-compact surfaces [T]. 

4 In 2+1 quantum gravity [50]. [27]. 

Coming back to Ricmannian surfaces, Efrat [25] and Koyama [32] considered the 
much more difficult situation of a surface (or 3 dim hyperbolic manifold) which 
is non compact but has finite area (volume) (see also [HI HTJ [T51 [TO] [231 ES])- 
We consider manifolds with constant negative sectional curvature. In that case 
the corresponding Laplace operator has also a continuous spectrum with finite 
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multiplicity. We still can define a regularized determinant in that situation on 
the basis of only discrete eigenvalues as Koyama did in strong arithmetical cases. 
Or, one can take into account also the resonances, the poles of the determinant 
of the scattering matrix, together with the eigenvalues of the Laplacian as Efrat 
did. In both cases we have some interesting problems to understand. In the first 
case if we deform the metric on the surface then gencrically, according to the 
Phillips and Sarnak conjecture |55j , the discrete spectrum of the corresponding 
Laplacian may have only finitely many eigenvalues and the determinant is triv- 
ial. In the second case, the set of the resonances is not canonically well defined 
when we talk about operators which are unitary equivalent to our Laplacian 

siEiiziisiiiaiiaizaEaEaHii- 

The Selberg zeta function for a Fuchsian group L of the first kind is defined 
in the half-plane Re(s) > 1 by an absolutely convergent infinite product given 
by |52 

OO 

z(s) = H U(i-M(py k - s ) (i.i) 

k=0{P} r 

where P runs over all primitive hyperbolic conjugacy classes in L and A/"(P) > 1 
denotes the norm of P. The Selberg zeta function is related to the contribution 
of the hyperbolic elements in the Selberg trace formula for a certain test func- 
tion [66] • The zeta functions Zi(s), Ze{s) and Zp(s) are defined by requiring 
simillar relations with the identity, elliptic and parabolic contributions in the 
aformcntioncd trace formula [70], [32] • 

In }42| . Koyama defined a regularized determinant dct(A, s) for the automor- 
phic Laplacian A for the congruence subgroups with the trivial representation, 

det(A, s) := detzj(vl - s(l - s))det c (A s). (1.2) 

In this formula det d(A— s(1 — s)) is the regularized determinat related to the dis- 
crete spectrum of A and dote (A s) is the regularized quasi-determinant related 
to the continuous spectrum of A. The RD related to the discrete spectrum is 
defined by using the zeta regularization method. In this method first, a spectral 
zeta function is assigned to the increasingly ordered sequence of real eigenvalues 
of A, A < Ai < . . ., 

OO _^ 

C( W)S ):=^— i?e( S )»0, W »0. (1.3) 

It turns out that for fixed s, Re(s) 3> 0, the spectral zeta function £(u>, s) has an 
analytic continuation to the whole complex w-plane as a meromorphic function 
which is holomorphic at w = 0. Then the RD of the Laplacian related to the 
discrete spectrum is defined by 

d 

det D (A- s(l - a)) := exp -— C(to, s) w=0 ). 1.4) 

ow 

The quasi-determinant related to the continuous spectrum of the automorphic 
Laplacian is defined by 

l C ^ = Ts^l l °^A,s) (1.5) 
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where C(s) is the contribution of the continuous spectrum in the Selberg trace 
formula with a certain test function. Finally, applying the Selberg trace formula 
leads to the following identity, up to a nonzero holomorphic factor, 

det{A, s) = Z(s)Z I (s)Z E (s)Z P (s). (1.6) 

In an earlier paper Sarnak |60| had done simillar work for cocompact groups. 
Later, Efrat [25] generalized this work to torsion free noncocompact groups 
twisted with a character 9. In this work the RD of the Laplacian det(A— s(l— s)) 
is defined by the zeta regularization method where in the spectral zeta function 
the resonances have also been taken into account. Again applying the Selberg 
trace formula, one obtains the following identity, up to a nonzero holomorphic 
factor, 

dct(A - s(l - a)) = (s - ^)- K °ip(s)Z 2 (s,9)Z]{s 1 9)Z 2 P {s, 9). (1.7) 

In this formula ip(s) is the determinant of the scattering matrix, K$ is a certain 
constant, Z(s,9), Zi(s,9), and Zp(s,9) are zeta functions twisted with the 
character 9. 

Now we present all results and definitions of our paper in a compact form. 
For more details we refer to the corresponding lemmas, theorems and definitions. 
In this paper we consider a general Fuchsian group T of the first kind twisted 
with an arbitrary unitary finite dimensional representation \- 

In subsection 12. 1[ we recall Selberg's zeta function for T and Xi 

oo 

Z(s; T; x) = II II det 0-V - x(PW(P)- k - s ). (1.8) 

k=0{P} r 

In definitions 12.11 12.21 and 12.31 we introduce the zeta functions for the contribu- 
tions of the identity, elliptic and parabolic elements as follows, 

Z 7 ( S ;r ;x ) - ((2^)'T2(,s)r( S )- 1 ) 1 ^ , (1.9) 

{R} r 1=0 

Z P {s;T;x) - e -« n > h >2- k ™ s (s - i)-^r( S + I)-*(r;x). (1.11) 
In subsection 13.31 we define the complete Selberg zeta function as (see formula 

Z(s;T; X ) = Z(s;T,x)Z I (s;T,x)Z E (s;T,x)Z P (s;T,x). (1.12) 

In Thcorcm l2.1l wc recall an extended version of Hadamard's theorem on the 
factorization of meromorphic functions. As a consequence of this theorem, in 
Lemma l2.2l we present a factorization for Selberg's zeta function as an absolutely 
convergent product given by 

Z(s; F; X ) = e^(l - 2s)~^ " '. } . "'^^^ (1 1 

ttzes^ 1 -!) n ze s 5 ( 1 -l) e( " ) 

(1.13) 
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In Lemma HOI in the special case of congruence groups with a trivial represen- 
tation, we derive a factorization for Selberg's zeta function Z(s) as a pointwise 
convergent product given by 

Z(s) = (1 - 2s)- K °s n °e^ Uze s ^ us ; (] _l|ffi^JL| )eb) , (1.14) 

In Theorem 12.41 we recall the determinant expression of Selberg's zeta func- 
tion for a finite index subgroup T in PSX(2,Z) and a unitary representation \ 
in terms of Mayer's transfer operator (see formula l2.49[) . 

det(l-£ T s ,x ) = Z ( s . T . x y (1.15) 



In Lemma 13.21 we express the zeta function for the contribution of the iden- 
tity in terms of a regularized determinant of the Laplace operator on the two 
dimensional sphere, 

"if I 

Z I (s;T; X )= v / 2^det(L 2 + s) ^ . (1.16) 



In Lemmas l3.3l and l3.4l wc express the zeta functions for the elliptic and parabolic 
contributions in terms of regularized determinants of the Schrocdingcr operator 
for the harmonic oscillator respectively given by 

„_1 / -n(„-l) + n («,0 

Z E (s; T; x) ■■= II II ( 27r )^ dct (^ + ^) ' ( L17 ) 

Z P (s; T; X ) ■= e< n ' h)s 2- k ^ )s (s - i)-^ det(#i + a + ^) k ™ . (1.18) 

In section I3~3l as a generalization of Efrat's work (28], we define the reg- 
ularized determinant of the automorphic Laplacian ^4(r, \) by using the zeta 
regularization method. Then in Lemma 13 . 81 we derive a generalized version of 
identity (jl.7l) . namely 

det(A(r, x ) - s(l - a)) = e c+c '^- 1 Xa-\)- K ° V {a)z\a ] T ]X ). (1.19) 

In Corollarv l3.ll as a direct consequence of this identity, we come to the following 
functional equation for the complete Selberg zeta function, 

Z{\ - a; T; X ) = exp(— ^M*)Z(«; T; x ). (1.20) 

For finite index subgroups T C PSL(2,li), by inserting the determinant repre- 
sentations given in (| 1 . 1 5ti 1 . 1^]) into (|1.19[) . up to a nonzero holomorphic factor, 
we get 

det(A - a(l - a)) = (a - i)-*o-k(r,-x) det $(s) dct ( i2 + s )-^ 
[] II dct (^ + ^) e(r;x) det(ff! + a + i) 2fc(r;x) det(l - £^x)2 

{R} r 1=0 VR 

(1.21) 
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which is formulated in Theorem 13.91 

In [29] , Faddeev introduced a compact operator on certain Banach spaces and 
used it for analytic continuation of the resolvent of the automorphic Laplacian to 
the whole complex plane. In a soon coming paper, we prove that for a Fuchsian 
group r of the first kind with a unitary representation x, a generalized version 
of this operator denoted by T-L(s;T;x) fulfills the following identity, up to a 
nonzero holomorphic factor, 

detO--n(s;T; X )) = Z(s;T;x) (1-22) 

where det denotes certain regularized determinant. For more details about the 
operator %(s;r;x) see [57] • From (|1.22[) and (|1.19p . up to a nonzero holomor- 
phic factor, we get 

det (4 - s(l - s)) = (s - ^y K " det $(s) dct(l - H(s; T; x )f (1.23) 

which is also formulated in Theorem 13.91 The factorizations (|1.21[) and (|1.23[) 
in Theorem 13.91 are the first part of our main results. 

In Theorem 13.111 we derive an identity connecting certain regularized de- 
terminants defined on different hyperbolic surfaces. This is our second main 
result: 

II /(ri;V>i;s)det(A(r i; Vi)-s(l-s)) x 

V>ie(r 3 \ri)« 

det _1 $(r i; Vi;s) [det(i 2 + s)] d ' m - llr| x 

det^+s + i)"^*) TT TJdet^ + i+i)^*) 
2 Vj} 

{R} ri 1=0 

= I] /(r 2 ;V2;s)dct( J 4(r 2 ;V 2 )-s(l-s)) x 
V>ie(r 3 \r 2 )« 

dct" 1 *^;^^) [det(L 2 + s)] d,m ' 2lF ' x 

dct (ff 1+ ,s + I)- 2 ^*) TT TT 1 det(i/ 1 + ^) e ( r2 *). (1.24) 

2 J^R 

{•R}r 2 

In the last section, applying the results of Bolte and Johansson [11], we 
derive a determinant identity, connecting the determinant of the Laplacian for 
the unit group of quaternion with the tirivial representation to the product of 
determinants of the Laplacian for certain congruence subgroups with the trivial 
representation. This identity is presented in Theorem l4.8l as our last main result, 

F( S )dct(A(Ol nax ) 8(1 s)) = J] dct(A(r (m)) - S (l - 8))PW. (1.25) 

m|n 

We would like to thank Dieter Mayer for reading of the text and also for his 
important remarks. 
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2 Zeta functions 



2.1 Selberg's zeta function 

Let r be a Fuchsian group of the first kind with a unitary representation X of 
degree of nonsingularity k(T; X ) (see formula (|A.21|) ) . The Selberg zeta function 
for r and % is defined in the domain Re(s) > 1 by an absolutely convergent 
infinite product given by (see [62], [66] ) 

oo 

Z(s; T; x) = [] II det (^ - x(PW(P)- k - s ) (2-1) 

k=0{P} r 

where P runs over all primitive hyperbolic conjugacy classes of T and JV(P) > 1 
denotes the norm of P. By definition every hyperbolic element P of the group 
r can be conjugated, by an element from PSL(2,M.), to a 2 by 2 matrix of the 
form 

' P o 

o p- 1 



(2.2) 



with p > 1 which defines the norm of P by Af(P) = p 2 ■ 

The Selberg trace formula (see Theorem IA.2[) provides a huge amount of 
information about Selberg's zeta function. Let us choose the test function h in 
the left hand side of the trace formula in (|A.35|) as follows, 



Kr 2 + l)= „ 2 ,i,„,„ ^ ~^Xfl2» 08 > 5' »(*)>!)• (2-3) 



i ) = I L_ 

4 ; r 2 + I + s ( s _i) r 2 +/ g 
According to equation (|A.39|) . the function g is given by 



ff(«)=2^ie-(-*)N-ic-"N. (2.4) 

Then the following identity holds |66j . 

^-H(s;T; X ) = ±-J— ± log Z( S] T; X ) (2.5) 
as as zs — 1 as 

where H(s; T; x) , given in (|A.38|) . is the contribution of the hyperbolic elements 
in the trace formula with the test function given in (|2.3|) . The s-dependence of 
H(s; T; x) comes from the s-dependence of the test function. 

Based on (|2.5[) it is proved that Z(s; T; x) has an analytic (meromorphic) 
continuation to the whole complex s-plane and satisfies the functional equation 
(see [55] and the references there), 

z(i - s; r ; x ) = *(«; r ; xMs; r ; x )z(s; r ; x ) (2.6) 

where <^(s;r;x) is the determinant of the scattering matrix and ^(s^jx) is a 
known function. We note that for cocompact groups ip(s;T;x) = !• 

The nontrivial zeros of Z(s; T; X ) are related to the eigenvalues of the auto- 
morphic Laplacian A(T; X ) and the resonances [55]. We distinguish the following 
sets of zeros of Selberg's zeta function: 
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1 The discrete set Si is defined to be the set of points s which are the spec- 
tral parameters of cusp forms (see (|A.31|) ). These are located symmetric 
relative to the real axis on the line Re(s) = i and s ^ ^ or in the interval 
(^,1]. For such a point s, s(l — s) is an eigenvalue of the automorphic 
Laplacian A(T;x)- The multiplicity of each zero at s is equal to the mul- 
tiplicity of the corresponding eigenvalue s(l — s) [181 IBS] . 

2 The discrete set S2 containing the poles of the determinant of the scater- 
ring matrix (p(s; T; x), lying in the half plane Re(s) < ^. The elements of 
S2 are called resonances. The multiplicity of a zero at a point s £ 5*2 is 
equal to the order of the pole of <p(s; T; x) at the point s [55]. 

3 The set S3 containing finitely many poles of the determinant of the scat- 
tering matrix tp(s; T; x) in the interval 1]. For a point s £ S3, s(l — s) 
is an eigenvalue of the automorphic Laplacian. The multiplicity of a zero 
at s € S3 is equal to the multiplicity of the eigenvalue s(l — s) [66] . 

4 The set S^ including negative integers —j, j G N with multiplicity rij > 
given by [SjJj 

7r 2 r ^ f— ' msin— m 

{R} r k=l m 

We note that for values of j for which rij > 0, rij is the multiplicity of 
the zero of Selberg's zeta function at s = —j whereas for rij < the point 
s = — j is a pole of order —rij. 

The poles of Selberg's zeta function are the following [55] : 

1 The point s = \ with multiplicity |(fc(T; x) ~ tr^Kl; F; %)) where 
^(sjrjx) is the scattering matrix (see formula [A.24[l . 

2 The set S5 of trivial poles including the points (—j + |), j G N with 
multiplicity fe(r;x). 

3 The set of finitely many poles at the negative integers s = —j of order 
—rij > 0, given in (|2.7[) . 

The point s = is a pole of order —no if no < and it is a zero of multiplicity 
no if Tj-o > 

Remark 2.1. We assume that all these sets contain repeated elements according 
to the corresponding multiplicity of a zero or an order of a pole. 

Next we write Selberg's zeta function as a product running over its zeros and 
poles. This factorization is a consequence of an extended version of Hadamard's 
theorem. First we recall this theorem from |65j . 

Theorem 2.1. Let f(s) be a meromorphic function on C of finite order p 
with zeros a\, . . . and poles b\, b%, ■ ■ ■ where the only limiting points of these 
sequences are at infinity and /(0) 7^ 0. 



8 



1 There exist integers pi and p 2 not exceeding p such that the products 
formed with zeros and poles of f(s) respectively given by (see \65f page 
284g) 

oo 

P 1 (s)=P 1 (s,p 1 ) = l[V(—, Pl ) (2.8) 

n— 1 



P 2 (s) = P 2 (s,p 2 ) = X\V{- 1 p 2 ) 1 (2.9) 

t On 
n—1 

are absolutely convergent for all values of s. Here the primary factors V 
are defined by (see '651 page 246). 

p( u ,pH<; (1 ~ w)cxpELi ~' pgN ' (2-io) 

1 — u, p = 0. 

2 Let Pi(s) — Pi[s,qi) and P 2 {s) = P 2 (s, q 2 ) be canonical that is, q\ and q 2 
are the minimum values of p\ and p 2 for which the corresponding products 
Pi(s,pi) and P 2 (s,p 2 ) are absolutely convergent. Let p\ and p 2 denote 
the exponents of convergence of the zeros of P\{s) and P 2 (s) respectively. 
That is, 

Pl =inf {a|^|a„r Q < (2.11) 

and 

p 2 =inf {a|^|6„|- Q <oo}. (2.12) 
Then (see \65f . page 250) 

a) qi = [pi] if pi is not an integer. 

b) qi — pi if ^2 |a rl I — Pl is divergent. 

c ) Qi = Pi ~ 1 '/ S l a n| _Pl is convergent, 
and 

d) q 2 = [p 2 ] if p 2 is not an integer. 

e ) Q2 = Pi ifJ2 \K\~ P2 is divergent. 

f) q 2 = P2-1 tfI2\ n\~ P2 is convergent. 

3 The function f(s) has the following representation (see J65jj, page 284), 

fis) = pQ ' s) Wj (2 - i3) 

where Q(s) is a polynomial of order at most p. Ln the case of a function 
f with a zero at the point s — of multiplicity m, this representation is 
modified to 

/(«)=* m e«MjM£l. (2.14) 
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Lemma 2.2. The Selberg zeta function can be written as the following absolutely 
convergent product. 



( ' ,x) ( } iw 1 -*) IWl-*)eW 

(2.15) 

where K = ^(k(T; x) ~ ^^Kgi T; X ))t n o * s given in (|2.7|) wit/i j = 0, and Q(s) is 
a polynomial of degree at most two. Moreover, Si, S2, S3, S4 , S4 , and S5 are 
the aforementioned sets of zeros and poles of Selberg 's zeta function (see pages 
7 and 8). 

Proof. Selberg proved that Selberg's zeta function is a meromorphic function 
of order 2 with the aforementioned set of zeros and poles [52] . We remove the 
finitely many poles of Selberg's zeta function in the set S,j~U{l/2} by multiplying 
it by the polynomial (1 — 2s) K Y[ Z £S~ — § )• Note that Sj has finitely many 
elements and the pole s = 1/2 is of order K. Then we remove the finitely many 
zeros of Selberg's zeta function in the set S3 by dividing it by the polynomial 
n Z GS 3 (l — f )■ Therefore we obtain a function 

f(s) := (1 - 2s) K ^ SI flf Z{s; T; X ) (2.16) 

with the set of zeros Si U S2 U S^ and set of poles S5 . Multiplying and dividing a 
function by polynomials dosen't change its order, hence f(s) is of order 2. Thus 
we can apply the previous theorem to f(s). According to the formula (|2.14[) . 
f(s) can be represented as 

m=snaeQis) W) (2 - i7) 

where Q(s) is a polynomial of degree at most 2. Hence, Selberg's zeta function 
is represented as 

Z(s;T; X ) = e«M*-(l - 2a)- K ^f " ' gj'j ■ (2.18) 

If no > then it is the multiplicity of the zero of Z(s; T; x) at s = and if 
no < then —no is the order of the pole of Z(s;T;x) at s = 0. According to 
the first part of the previous theorem, the products Pi(s) and P2(s) are given 

by 

Pi(*)= n n-,pi), P2{s) = n nr ^ (2-i9) 

a„GSiUS 2 US+ b n GS 5 

The exponent of convergence of Pi (s) is given by 



Pl =M{a\ l a «r"+ 22 K\~" <<*>}■ (2-20) 

a„eSiUS 2 a„£S+ 
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We are going to investigate the convergence of each sum in the above expression. 
Let a, j = a,j + ijj € Si U S^- Then 

E i«ii _a = E k 2 +7 2 r /2 < E i7,i 2( - Q/2) - (2.2i) 

o 3 eSiUS 2 ajeSiUS 2 a 3 GSiUS 2 

From (|A.46|) and (|A.47I) we get \jj\ 2 ~ j- Hence 

E l7,f ( - Q/2) - E J~ a/2 (2-22) 

aj6SiUS 2 a.,eSiUS2 



which is convergent for a > 2 + S, V(5 > 0. For the sum over , obviously we 
have 

E Kr 2 ^ < °°, V<5 > 0. (2.23) 

a„es+ 

Thus pi = 2. The sum over in (|2.23[) is not convergent for S = 0, for this 
reason the sum 

E i««r Q ( 2 - 24 ) 

a„GSiUS 2 US+ 

is not convergent for a = 2. Hence, according to part 2b of the previous theorem 
the product Pi(s) in (|2.19|) becomes a canonical product with the choice p\ = 2. 
The convergent exponent of ^(s) is determined by the elements of the set S5, 

p 2 =inf|a| E K\- a = kJ2\- n +l\~ a \ <°°- (2-25) 

I a„GS 5 n£N " J 

The series 

n£N 1 2 I 

is convergent for all 5 > 0, hence p\ = l. Since this series is divegent for 5 = 0, 
according to part 2e of the previous theorem for p% = 1 the product i"2(s) is 
canonical. By inserting the canonical products Pi(s) and P 2 (s) given in (|2.19[) 
with pi = 2 and p 2 = 1 respectively into formula (|2.18[) we get the desired 
factorization. □ 

Lemma 2.3. Let Z(s) be Selberg's zeta function for a congruence subgroup with 
the trivial representation x = L TTiera Z(s) can &e factorized into a conditional 
convergent infinite product given by 

Z(s) = (1 - 2.s)-^o e Q^ n ^ US2US ; (1 ' s ^ nzg 5 (1 ~^ e(7) . (2.27) 

Here we used the same notations as in the previous lemma. 

Proof. We note that the product over S± is absolutely convergent because of the 
exponential factor. Also the products over S3 and are obviously absolutely 
convergent because these sets contain finitely many elements. Therefore, it is 
enough to investigate the convergence of the product, 

Z l{ s) := U . ^ _f . (2.28) 
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To this end, we take logarithmic derivatives of both sides of Zi(s), 

SjeSiUS 2 J sj^S 5 ■> 

To prove the convergence of Z\ (s) , one must prove the convergence of this series. 
For Sj G Sj = —j + i with multiplicity k — k(T;x) and therefore, 

<„*(.)_ V (2 . 30) 

Let S" be the set such that S'US' = S\U S2 where S' denotes the set of complex 
conjugate elements of S' . Then (|2.30|) can be written as, 



Uo gZl (s)= y^(— + ^)-Y,—^ ( 2 - 31 ) 

SjtS' J J JGN J 2 



or 

-lo g Z l( ,) = |; ^ -g (2.32) 

where Sj = aj + 17, . By adding and subtracting 



2s - 2a j 



(2.33) 



from the term in the first sum, we can extract its divergent part. Hence the 
right hand side of (|2.32p can be written as, 



\ ' Iff - fgW ~ \* - °j) I , \ - za - Zg 7 _ \ ^ « o 4 ^| 



According to the Wcyl-Selberg asymptotic formula (see formulas (IA.48j) , (|A.49|I 
in Appendix), for large j the following estimates hold, 



7^ ~ j for Sj = <jj + i-jj an eigenvalue (2.35) 

3— >oo 



and 



7j log7j ~ j for = (Tj + ijj a resonance. (2.36) 

3-^00 

Thus the first sum and also the part of the second sum running over the reso- 
nances in (|2.34p are absolutely convergent. Note that to conclude the later we 
also used the fact that for each congruence group, aj is bounded from the left 
[62|????. Therefore it remains to prove the convergence of the following term, 



e-=V ~ — V - (2 37) 



where means the sum runs over the eigenvalues Sj = <7j Since aj = h, 

the sum in (|2.37p reduces to 

G:= Y±L^--Y * . (2.38) 
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According to the estimates in (|2.35p the convergence of & is equivalent to the 
convergence of the sum, 

, x -» AS — 1 x ^ K 

©':=V- --Y r . 2.39 

3= i J= i J 2 

We regularize this sum by considering it as a limit of a suitable sequence of 
sums, 

/ N 1 t{N) 1 \ 
& = lim V ±L_1 - y . (2.40) 



Adding and removing 2s ' . 1 and j from the first and the second sum respectively, 
we get 



& = lim 



^ — ^ 2s ■ 1 ^ — hb(^s 

lim V ; V - . 2.41 

\i=i J 3=1 J J 

The first limit is convergent. The second limit above is convergent if we put 

2s - 1 



t(N) =N k (2.42) 
where to obtain t(N) we used the asymptotic behavior for the harmonic series 



3=1 j 



□ 



We recall the determinant expression of Sclbcrg's zcta function in terms 
of Mayer's transfer operator. Let PSL(2,Z) be the projective modular group 
which is generated by the elements 

»-(! I 1 )- !)■ 

Let L be a subgroup of PSL{2, Z) of finite index fi = [PSL{2, Z) : L] < 00 
and U XT be the representation of PSL(2, Z) induced from the representation \ 
of L. More precisely, for .g e PSX(2, Z), 

lP cr {g)i,j=MngrJ 1 ) (2.45) 

where 

and {^i}f =1 is a set of right coset representatives of L in PSL(2, Z). 
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Let 

D = j*eC||z-l|<!} (2.47) 

and let B{D) denote the Banach space 

B(D) = {/ : D -> C | / holomorphic on D and continuous on£>} (2.48) 

with the sup norm ||/|| = sup zg -p \f\. 

Mayer's transfer operator for the group T with a unitary representation Xi 
in the domain Re(s) > |, is defined by [21] 

= Er=i(-^-) 2s ^ xr (^ m )/(7^-,-^). e G {±1}(2.49) 

It turns out that Mayer's transfer operator is a nuclear operator of order zero 
and its Fredholm determinant is defined in the sense of Grothendieck by [H] 

det(l - = exp f - J) %±-L\ . (2 .50) 

There is a close connection between this Fredholm determinant and Selberg's 
zeta function which is a striking feature of Mayer's transfer operator [2Tj : 

Theorem 2.4. Let Z(s;T]x) be Selberg's zeta function for a finite index sub- 
group r in PSX(2,Z) with a unitary representation \ an d C T S ' X be Mayer's 
transfer operator for T and x & s defined in Then the following identity 

holds, 

det(l -C T s ^) = Z(s;T; X ), Re(s) > \ (2.51) 



where the determinant is defined in the sense of Grothendieck in \2. 50}) and the 
analytic continuation of both sides to the whole complex plane coincides. 



2.2 The zeta function for the identity contribution 

In [70], Vigneras defined a zeta function related to the identity contribution in 
Selberg's trace formula for modular group with the trivial representation. In the 
general case of a Fuchsian group T of the first kind with a unitary representation 
X, she also suggested a definition for the zeta function for identity but without 
presenting the calculations leading to this definition. In this section, for the 
aformcntioned general case, we derive the defintion of the zeta function for 
identity, mentioned by Vigneras. 

The Selberg zeta function is related to the contribution of the hyperbolic 
elements in the Selberg trace formula through the differential equation (|2.5D . In 
the same way a zeta function Zi(s;T;x) corresponding to the identity contri- 
bution / in the Selberg trace formula can be defined by requiring the following 
differential equation: 
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Here, I(s;T;x) is the contribution of the identity in the Selberg trace formula 
as given in (|A.37[) with the test function h(r 2 + j) given in (|2.3[) . We note that 
equation (|2.52p determines Zi(s;T;x) U P to a factor 

eCls(s _i )+C2 ^ g3 j 

where c\ and ci are two arbitrary constants. 

We are going to find a solution of (|2.52j) for Re(s) > i. By inserting formula 
into (fQ7|l . we get 



7(s;r;x) = y rtanh^r) 



r 2 + (s-±) 2 r 2 +/? 



(2.54) 



where n = dim^. This integral can be calculated by using Cauchy's integral 
formula. Let N € N and 



X(s;N) 



n\F\ 
An 



z tanh(7rz) 



1 



1 



±) 2 z 2 + /3 2 



dz 



(2.55) 



where the integration is performed counter clockwise along the path CV, con- 
sisting of the interval [-N, N] and the semi-circle C' N of radius TV with center 
at the origin, lying in the upper half-plane Re(z) > 0. 

In the domain Re(s) > |, in the upper half-plane Re(z) > 0, the integrand 
of the integral ((235)) . 



f(z) := ztanh(7rz) 



1 



1 



z 2 + (s-±) 2 z 2 +/3 



(2.56) 



has only simple poles at Zk := i(k + s), fc G N U {0} coming from tanh(7rz) and 
simple poles at z = i(s — ^) and z = i(3 coming from the denominaters. Thus 
according to Cauchy's integral formula we have 



l(s;N) 



n\F\ 

47T 



N-l 



2ni Res f(z) + 2niRcs f(z) + 2ni V Res/(z) 



(2.57) 



where Res/(z) denotes the residue of the function f(z) at the point z = u. 

z=u 

Then by a simple calculation we get 



2iri Res f(z) = — it tan(7r(s )), 

z=i(s— i) 2 



27riRes/(z) 

2— i/3 



-7T tan(7r/3) 



and 



27r£Res/(z) = -2 



_ (fe+ l )2 + (s _l)2 



-(fc + i) 2 +/? 2 



(2.58) 
(2.59) 

(2.60) 



Now by separating the contributions of the segment [-N, N] and the semi- 
circle C' N in the integral I(s,N), the formula (|2.57[) can be written as 



"1*1 

47T 
47T 



JV 



f(z)dz + 



N 



n\F\ 

47T 



f(z)dz 



N-l 



2ttz Res /(z) + 27uRes/(z) + 2ni V Res /(z) 

fc— 



(2.61) 
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Since 

f(z) = 0(z- 3 ) as |z|^oo (2.62) 

the second integral over C' N vanishes as N — > oo. Hence, by inserting f|2.58j> . 
(|2~59"j) , (|2TM|) into ([2"l)l"j) and then taking the limit N -> oo, we get 

J(a,r; X ) = -^^tan^s - 1)) - I^tan^) + G(s) (2.63) 

47T 2 47T 

where G(s) is an absolutely convergent sum given by 

By inserting (j2~M| into (|232"]l . we get 
Then double integration of both sides of this identity leads to 



logZ I (s;T; X ) = -^ I (2s' - 1> tanks' - -))ds' + F(a) + Cl (s - -f + c 2 

(2.66) 

where 

F(s) = { {2s 1 - l)G(s')ds' (2.67) 



and ci, c 2 are some constants. Since G(s) = G(l — s), it can be easily verified 
that 

F(s)=F(l-s). (2.68) 
Next, by changing the variable, s' — > s' + i, we get 

n\F\ f s ~^ 1 
logZ/(s;r;x) = — ^ / tts' tan^s')^' + F(s) + Cl (s - -) 2 + c 2 . (2.69) 

27T J 2 

Now changing s — > 1 — s, we get 

ralFl /' s "^ 1 
logZj(l-«;r;x) = -jr 1 / 7rs'tan(7rs')ds' + F(s) + c 1 (s--) 2 +c 2 (2.70) 

27T J Q 2 

where we used (|2.68[) . Hence, 

zZ^T-x) ^ (-^f^s'^s'w) . (2.71) 
Lemma 2.5. T/ie following expression holds, 

f 2 ^' ttmfrs'W = ~(s-b log27r+^ log -^-+log ^ ~ S) (2.72) 

7o 22 r(i-s) r 2 (s) 

where r 2 (s) denotes the double Barnes gamma function. 
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Proof. To prove this assertion we need the Kinkelin formula (see [70], page 239), 

/>s r fi s) 

/ TTX COt TTxdx — S log 27T — log — ^- . (2.73) 

Jo r 2 (i + s) 



The double Barnes gamma function satisfies the following identity (see 
page 144), 

i _ r( s ) 



r 2 (i + «) "r 2 ( s )- (2J4) 

Inserting this into (|2.73[) we get 

r f i s) 

/ ttx cot nxdx = s log 2tt — log T(s) — log — — . (2-75) 

Jo r 2(s) 

On the other hand the integral above can be written as 

/ irx cotirxdx = / irx cot nxdx + / ttx cot nxdx. (2.76) 
Jo Jo Ji 

But we have (see [35], page 417) 



nx cot nxdx = — — , (2.77) 



hence (|2.76[) reduces to 



ttx cot irxdx — — h / nx cot nxdx. (2.78) 



By variable changing x — > x + h in the integral in the right hand side of the 
formula above, we get 

f s log 2 f s ~i 1 

/ ttx cot nxdx = / nix H — ) tan 7ra;<i:z; (2.79) 

Jo 2 7 V 2 y 1 y 



or 



log 2 z^ - ? 7T /" s ~2 

/ 7rx cot nxdx = — / — ■ tan irxdx — / nxta,nnxdx. (2.80) 

Jo 2 Jq 2 J 

But (see [SI], page 122 and page 138) 

~J 2 \ t&U7Txdx = ^ logsin7rs = \ log r(i - V(^) ' (2 - 81) 

hence (|2.80[) reduces to 

/ nx cot nxdx — 1 — log — ; r — — — / nx tan nxdx. (2.82) 

Jo 2 2 T(l - s)r(s) J 

Now inserting this into (|2.75|) we get 

i 

" 2 

ttx tan irxdx = 

^ + \ log * - - log 2. + log r (s) + log V -f^A (2 . 83 ) 

2 2 1(1 — s)l(s) i-2(s) 

which leads to the desired result by some simple algebraic manipulations. □ 
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Inserting (j2~72"j) into (j2~TTj) . we get 

Zi{s;T;x) 



or 



Zi{\ - s;T;x) 

-^/(s;r;x) 

^/(l-«;r;x) 



(2tt 



2s-l 



rfi 



"1*1 

2tt 



r( s ) rl(i- s ) 

((2 7 r)-r 2 ( 5 ) 2 r( 5 )- 1 )^ 
((27r)i-rl(i- s )r(i- s )-i)^ 



(2.84) 



(2.85) 



On the basis of arithmetical motivations, this suggests the following choice for 

Definition 2.1. The zeta function for the contribution of the identity element 
in the Selberg trace formula for a Fuchsian group T of the first kind with an 
n-dimensional unitary representation \ is given by 



z / ( S ;r ;x )-((27rrr2( s )r( s )- 1 ) 



(2.86) 



where \F\ denotes the measure of the fundamental domain ofT and ^(s) is the 
double Barnes gamma function. 



2.3 The zeta function for the elliptic contribution 

In |31| , Fischer considered the Laplacian for automorphic forms with multiplier 
system. Then he defined a zeta function related to the contribution of elliptic 
elements in the corresponding resolvent trace formula. In the case of weight 
zero for congruence groups with a trivial representation, Koyama defined the 
zeta functions for elliptic elements by using the original Selberg trace formula 
[42] . In this section we generalize Koyama's approach to the case of a Fuchsian 
group of the first kind with an arbitrary unitary representation. 

The zeta function Ze(s]T;x) corresponding to the elliptic contribution E 
in the Selberg trace formula is defined as a solution of the following differential 
equation, 

±E(s;T;x) = t^tt log Ze(s; T; x) (2.87) 
as as 2s — 1 as 

where 



1 * 1 tr vX m (R) f 



{R} r m 



vshnrm/v J-^ 1 + cxp(— 2nr) 

dr 

r 2 + (s- i) 2 r 2 ' 



(2i 



is the contribution of the elliptic elements given by (|A.40[) with the test function 
h(r 2 + \\ s) as in f)2.3|) . Wc consider a solution of (|2.87[) satisfying, 

log Z E (s; T; X ) = (2s - l)0(s; T; X ) (2.89) 

ds 
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where 



2 * — ' ^-^ vsvsimn/v J_ 



tr v x m (R) f°° exp(-2irrm/v) 1 

or 



m =i ^sinTrm/^ 1 + cxp(-27rr) r 2 + (s - ±) 2 

(2.90) 

Purely for technical reasons, instead of identity (|2.89p we consider the following 
identity 

^ log Z E (s; r; x) ~ ^ log Zjsfa T; X ) = (2s - l)Q(s; T; X ) - (2a - l)fi(o; T; X ) 

(2.91) 

where a > ^. We note that according to (|2.89[) and f|2 .90[) . 

lim 4- log z E(a; T; x) = lim (2a - l)0(a; T; X ) = 0, (2.92) 

a— )-oo aa a— >oo 

hence (|2.9ip reduces to (|2.89[) in the limit a — s- oo. In the following first we 
calculate the right hand side of (|2.91|) and then we let a — > oo. 
Thus we have 

-^-logZ E (s;r; X ) - — logZ s (o;r; X ) = 
as aa 



1 tr v X m (R) (°° exp(-27rrm/zy) 2s - 1 



1 ^ 
- V V 

2 j-f ^ vsmitm/v ./^ 1 + exp(-27rr) r 2 + (s - \) 2 (2.93) 



1 " _1 

■EE 



tr yX m (i?) f 00 exp(-27rrm/^) 2a - 1 

ar 



or 



2 -^-^ , vsantm/v J _ no 1 + cxp(— 2-nr) r 2 + (a — i) 2 

{i?,} r m— 1 ' v 7 v z / 



-^-logZ is (s;r; X ) - — logZ B (a;r; X ) = 
as aa 



2/ 



1 y tT VX m (R) x 

' ^— ' j/sin7rm/i^ 

{il} r m=l ' 

exp(— 1-Krrajv) ( 1 1 \ 

1 + exp(-27rr) ^ + i(s - I) ~ r + z(a - 4) J r ( 2J4 ) 



1 ^ _ 
exp(— 2-nrm/v) 



t?vx m (R) 

■ X 



2i ^— ' ^— ^ vsixnrm/v 

-i—i ' 



1 + exp(— 2nr) \r — i(s — h) r — i(a — h) 



dr. 



We calculate these integrals in the domain Re(s) > | by using Cauchy's integral 
formula. Let 

X Ni ±(s,a,m) := / f±{z)dz (2.95) 
ic» + 



where 



cxp(-27rzTO/^) / 1 1_ 

/±l j - l + exp(-27r«) U±i(*-|) ^±*(a-±) h 
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Cjv _ and Cjv,+ denote countours consisting of the line element from — N to AT 
along the real axis and the semi-circle from N to —N lying in the lower and 
upper half plane, respectively. 



Lemma 2.6. Let 

u-X 



1 — try X m (R) ^ , . 
£at:=- — > > — : r X Ni+ [s, a, m) 



2i ^— ' ^— ' j/sin7rm/^ 
{ii} r m=i ' 



2% '-^ ' ^sin7rm/^ 

{R} T m=\ 1 



(2.97) 



Then 



lira ^ = ^-logZ B (s;r;x)-^-logZ E (a;r;x). (2.98) 
at->oo as aa 



Proof. First we decompose the integral Z^v^s, a, m) as the following 

l N!± (s,a,m)= [ f±(z)dz+ [ f±{z)dz (2.99) 

where C^ + , C^r _ denote the semi-circles of radius N centered at the ori- 
gion lying in the upper and lower half-planes, respectively. For the points 
z = N exp(i9) with < 8 < 2ir lying on C' N ± , we have 

l/±(z)l = 0(N- 2 ), as N^oo. (2.100) 

Thus in the limit AT — > oo, the integral over C' N ± vanishes. Hence, inserting 
the right hand side of (|2.99p into (I2.97|) and taking the limit TV — > oo yields the 
right hand side of (|2.94p which completes the proof. □ 

Now we are going to calculate the integrals Xj\r i ±(s,a,m) in (|2.95|) . The 
integrands f±{z) have inside the countours Cn,± simple poles at the points 
z n = ±i(n + i), n = 0, 1,2,.. ., with residues given by 

Res/ ± = ±-^expf T 2 7 ri(n+i)- > ) (-^ -j— Y (2.101) 

But according to Cauchy's integral formula, the integrals in (j2.95[) are equal to 
the sum of the residues of the integrands f± at the corresponding poles inside 
the countours Cjv,± times ±27ri. Therefore we get 

N-l , ^ * , j \ \ 

I Ni ±(s,a,m) = V exp T2«(n+-)- I — — . (2.102) 

» 2 v I \s + n a + n I 



Tl = 



where N — 1 is the number of poles inside the countours Cn,±- According to 
Lemma \2M by inserting (|2.102[) into (|2.97p and then taking the limit N — > oo, 
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we get 



log Z E (s;T;x) ~ log Z E {a',T;x) 



— / > — , > exp \-2m(n+-) — 

{-R}„ m=l ' n=0 



2i i/ sin Trra/v ^— ' \ 2 i/ / \ s + n a + n 

m— 1 

— / > — / ) exp 2n n+- 

2j ^ ^ usirnxm v ^ \ 2' v I \ s + n a + n I 



(2.103) 



Replace n — > vn + l where the new n runs over N U {0} and < I < v — 1. Then 
(|2.103p can be written as 

^ log Z E (s; r; X) - ^ log T; X ) = 

_ y 1 1 y trvx^Gg) x 

^ 2i sin ttui I v 

{R} r m=l ' 

£ exp (~ 2 ^ + ^) £ (^sr ~ ^ ) 

1=0 V 7 n=0 \ ' v ~ v / 

+ ^ u2i ^ vsmirnilv 6XP I ^ + 2 ' 1/ / ^ I n + ^ n + ^ j 

{fl} r m=l ' x 7 n=0 \ f 1 1/ / 

(2.104) 

The di-gamma function is defined by 

^ = E ("Tr - -ir) ^ ^ 2 - 105 ) 
V n + 1 n + z J 

where 7 is Euler's constant. The sum over n in formula (|2. 104|) can be written 
in terms of di-gamma function, 

^logZ E (s;r;x) - — logZ E (a;T;x) = 

1 1 ^ tv vX m {R) ^ / „ .„ l,m\ / ,,s + i. ,/0 + ^ 
{i?} r m=i 7 (=o v 7 



^ 1 1 ^ tr yX m (^) ^ .„ 1 ^\f,,s + L ,,a + L 



v 2i ^-^ vsa\nm/v 

m=l 1 1=0 



2 V I \ 1/ f 

(2.106) 

Lemma 2.7. TTie following identity holds, 



2' v 



\X tryx m (R) (. . n ,Um 

m=l N 

^thoTiR) ( 

— > ; — exp — 27Tl(Z H — ) — 

vsixiirm v V 2 v 



(2.107) 



21 



where try denotes the complex conjugate of try ■ 

Proof. It is enough to change to to v — to in the sum in the left hand side and 
to use the the facts that x 1S a unitary representation and R~ m = R u ~ m . □ 

Applying this lemma, (|2.106|) can be written as 

log Z E (s;T;x) - 4^ log Z E {a\ V; x) = 



1 1 

Y--Y 

^ v 2i ^ 

{R} r m=l 



tr vX m (R) , tr v x m (R) 



vsin-Km/v vsvuirm/v 



V—l, -. 

E/ „ l s m 
exp -2tu(Z + -) 



2' v 

Lemma 2.8. For 1 < to < v , the following limit holds 
v-l 

pyti I —O/irid A- 

2' v 



\ s m\ , ,a + L 
Inn Vexp -2^(/ + -)- U(--) = 



Proof. First we show that 



^exp(-27ri(/+i)^) =0. 



2=0 



We have 



(2.108) 



(2.109) 



(2.110) 



exp ^— 7tz— ^ exp ^— 27ri — = exp ^— 7ri— ^ exp ^2m — l^j . (2.111) 



i=o 



. m 

v 



.TO 
V 



E . V + 1 . VX X 
sin I x = sin x sin — cosec — , 
9 9 



i=i 



From the identities (see [35], page 30), 

if 

cos/ 

2 2 2 ^ 

l=i 

with a; = —2iri^, it follows that 

^]cxp (-2?™— = 



.<• = cos ■ 



u + 1 



-x sm — cosec— 
2 2 2 



i=i 



(2.112) 



(2.113) 



Hence, formula (|2.110[) is proved. According to [TO], the asymptotic behavior of 
the digamma function at infinity is given by 



Hence, 



ip(z) = log z + 0(-), |z|^oo. 

z 



L:= lim Y,e*p(-2™(l+h-)iK—) 



(2.114) 



v-l 



/=() 



lim V exp ( -2m(l + \)- ) log(^^) 



T v 



,a + L 



(2.115) 
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Since 

log(— )=log(a + 0-logi' J (2.116) 
v 

according to (|2.110[) we get 

L= lim Vexp f -2m{l + -) — I log(a + /). (2.117) 



a— >oc ■ 

1=0 



On the other hand by inserting 



log(a + = loga + log(l + ~) (2.118) 

a 



into (|2.117|) we get 



L = lim exp -2iri(l + -) — log(l + -) 

1=0 v 7 

£exp('-2 7 ri(/+i)^log(l)=0 



(2.119) 



which completes the proof. □ 

According to this Lemma and formula (|2.92[) . by taking the limit of both 
sides of (|2.108|t we get 



itT VX m (R) | ^vx m (R) 
2sin7rm/ 'v 2s,m.Ttm/v 



Wr m=1 (2.120) 

gexp(-2^ + i)™)v^). 
i=o ^ 7 

The following lemma has been proved by Fischer (see [31], page 67). 

Lemma 2.9. Let cxp(-^a p (i?)) m'tt a v (R) G {0, . . . , v — 1}, p = 1, . . . ,n 

denote the eigenvalues ofx(R)- Furthermore, let 

a p (R,l) = (l + a p (R)) mod v, a p (R,l) = (I - a p (R)) modu (2.121) 
where I £ {0, 1, . . . , v — 1}. Then the following identities hold, 



2 sin 7rrn / ^ 



p=i 



E fr X(fl T ) exp + h~)= -\<v -l)+± a p (R, I). (2.123) 

2sm7rm/i/ V 2 v 2 ' 

According to this lemma, equation (|2.120l) can be written as 
^logZ £ (.s;r; X )= £ -i£(n(^-l)-a(i?,0)V(^) (2-124) 

{H} r Z=0 
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where 

n 

a{R, I) := J2(&p( r > + a p( R > 0)- ( 2 - 125 ) 
P =i 

Finally, since 

, ,s + /, d , „.s + i. 

V ) = i/— logr ), (2.126) 

^ as v 

formula (|2. 124[) can be written as 

Aio s ^(»;r ; x)= Z g ""-^ + ° (fi -" ^o g r(^). (2.127) 

{R} r ;=o 

This formula gives us a solution of (|2.87[) for Ze{s; T; x). Thus the zeta function 
for the elliptic contributions can be defined by 

Definition 2.2. The zeta function for the contribution of the elliptic elements 
in the Selberg trace formula for a Fuchsian group T of the first kind with an 
n-dimensional unitary representation \ is given by 

Z E (s; T; X ) ■ C\(-oo, 0] -> C, (2.128) 
Z E (s;T lX ) := n nr^) -"- 1 ^'' , (2.129) 

{R} r 1=0 

Here R denotes a representative of an elliptic conjugacy class of T of order v 
and a{R, I) is given in \2.125\) . 

2.4 The zeta function for the parabolic contribution 

The zeta function for the parabolic contribution Zp(s;T;x) is defined in the 
same way as the zeta functions for the other contributions. According to Theo- 
rem \^2\ the contribution of the parabolic elements in the Selberg trace formula 
for a Fuchsian group T of the first kind with an n-dimensional unitary repre- 
sentation x an d a test function h is given by 

P(h; T; X ) = - (^(r; X) In 2 + c(n, h)) g(0) 
HT;X) f°° ^l + lr )h(r 2 + hdr + ^lh(]). (2.130) 



2tt 1 v ' v 4' 

where 

h n 

c(n,h):=Y^ ln|l-exp(27rie a i)|. (2.131) 

a=l l=k a + l 

For the pair of functions, 

h ( r " + \)= \ 77 - "TXT^ 03 > L M*) > 1). (2.132) 

4 r 2 + j + s(s - 1) r z + p z 2 

and 

9{u) = ^e-C-*)!-! - ^e""M (2.133) 
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this definition is reduced to 



P(s;r;x) = -(fc(r; X ) ln2 + c(n,h)) 



1 



ip(l + ir) 



1 

2s - 1 ~ 2/3 
1 



r 2 + | + s(s-l) r 2 +/3 2 



dr 



(2.134) 



We define the zeta function for parabolic elements as a solution of the dif- 
ferential equation 



A P ( s; r ;x ) = 

ds ' rfs 2s — 1 (is 



logZ P (s;r;x)- 



(2.135) 



Koyama solved this equation for Zp(s; T; x) in the case of the congruence groups 
with the trivial representation x = 1 |42| . Assuming i?e(s) > g, we are going 
to find a solution Zp(s;T;x) of the differential equation (|2.135p in the more 
general case of a Fuchsian group of the first kind T with an arbitrary unitary 
representation \- 

Inserting (|2.134[) into (|2.135[) we get 

d \ogZ P (s;T;x) = -(k(T;x)hi2 + c(n,h)) ° 



ds 2s — 1 ds 
k(T; X ) 
2tt 

, fc(r;x) 



ds 2s - 1 



+ zr) 



ds r 2 + | + s(s - 1) 



dr 



ds (s- I) 2 



(2.136) 



By integrating over s we get 



— logZp(s;r ;x ) 
as 

V ' 2^ 7T 

,*(r;x) i 



(fc(r ;X ) In 2 + c(n,/i)) 
+ ir) 



-oo^ + U S(S - 1) 



dr 



(2.137) 



The integral in this formula can be calculated by using Cauchy's integral formula 
(see [67], page 83), 



fe(T;x) 



fc(r;x) d 
s-i ds 



^(1 + ir) 



+ \ + «(* - 1) 



dr = 



1 1 

logr(s + -)+2fc(r;x)^ 



(2.138) 
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Hence, (|2.137p can be written as 



4- log Z P (s;T- lX ) = -(k(T;x) In 2 + c(n, h)) 



j=l V 2' 



k(T;x) 1 



(2.139) 



2 s -r 



This equation determines the function Zp(s; T; x) up to a holomorphic nonzero 
factor: 

Definition 2.3. The zeta function for the contribution of the parabolic elements 
in the Selberg trace formula for a Fuchsian group T of the first kind with an Tri- 
dimensional unitary representation x on the entire complex plane is given by 



Here c(n,h) is given in \2.131\) and k(T;x) * s ^ e degree of non- singularity (see 
formula (|A.21[) in the Appendix) of the representation. 

In |31j . Fischer defined a zeta function for parabolic elements by using the 
resolvent trace formula related to the Laplacian for automorphic forms with 
multiplier system. In his definiton, the zeta funtion for parabolic elements is 
indeed related to the contribution of parabolic elements and also continuous 
spectrum in the resolvent trace formula (see [31] . page 102). This is different 
from our definiton where the zeta function for parabolic elements is related only 
to the parabolic contribution (see formula (|2.135[) ). 

3 Regularized determinants and zeta functions 

3.1 Determinant expression of the zeta function for the 
identity 

In this subsection we express the zeta function for the identity contribution for 
a general Fuchsian group T of the first kind with an arbitrary representation x 
in terms of a regularized determinant connected to the Laplace operator on the 
two dimensional sphere. For a cocompact group with a trivial representation 
this has been done by Voros in [20], [71] . 

The regularized determinant is defined by the zeta regularization method. 
We recall briefly this method. Let 



be the sequence of all eigenvalues including their multiplicities of an operator 
K.. The following zeta function can be assigned to this sequence 



Z P {s-T 



2, ■ ■ ■ 



(3.1) 




(3.2) 



2G 



We assume that this series converges in a domain of z and admits an analytic 
continuation to a domain containing z = such that Z(z,w) is holomorphic at 
z = 0. Then the regularized determinant of K, is defined by 

det(/C - A) := exp(-Z'(0, -A)) (3.3) 

where Z 1 denotes the first derivative of Z with respect to z. 

Let A2 denotes the Laplacian on the two dimensional sphere. The set of 
eigenvalues of this operator is given by 

{A; = 1(1 + 1) \ 1 = 0,1,2,...} (3.4) 

with multiplicity 21 + 1. We put, 



L 2 :=^2 + \-\- (3.5) 

We are going to assign a regularized determinant to this operator. The set of 
eigenvalues of L 2 is given by 

{A, = I I I e NU{0}} (3.6) 
with multiplicity 21 + 1. The zeta function associated to this eigenvalues is given 

by 

00 2k + 1 

Z(z,w) = Y, -n— U ' fle(z)>0,i?eH>0. (3-7) 
This sum can be written as, 

00 1 00 1 

Z(z, w) = 2 J2 7 T T w - E 7T— 17- ( 3 - 8 ) 

or in terms of the Barnes multiple zeta functions, 

Z(z,w)=2( 2 (z,w\ l > l)-Ci(z,H 1 )- ( 3 - 9 ) 
The general Barnes multiple zeta function is defined by |59j . 

(n(z,w\ oi,a 2 ,...,ojv) = 7 — : : : 77 

' n (w + miai + m 2 a 2 + . . . ,mjvaw) 

mi ,m2 ,. . . ,mjv— 

(3.10) 

which is convergent for Re(w) > 0, Re(z) > N. We also note that £i(z,w\l) 
coincides with the Hurwitz zeta function Q(z,w), 

C(2,u;) = CiMl)- (3-11) 

We summarize the analytic properties of the Barnes multiple zeta function in 
the following lemma [9|; 

Lemma 3.1. The Barnes multiple zeta function £jv(z,w| ai, a 2) • • • > &jv) 

a meromorphic continuation to the whole complex z -plane with simple poles at 

z = 1, 2, . . . , N and is holomorphic at w = 0. Moreover, 

^n(w\ oi, o 2 , . . . , aw) := d z ( N (z, w\ oi, a 2 , . . . , aAr)| z=0 (3.12) 

ftas aw analytic continuation to the whole complex w-plane. 
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Hence, Z(z,w) as given in (|3.9p is holomorphic at z = and we can define 
the regularized determinant of L 2 as follows 

det(L 2 + s) := cxp(-Z'(0, s)). (3.13) 

By inserting the right hand side of (|3.9p into this definition we get 

det(Z 2 + s) := exp (-2^(0, s| 1, 1) + C((0, s|l)) = exp (-2* 2 (s| 1, 1) + 

(3.14) 

or equivalently, 

det(Z 2 + S ):= ^<f> ■ (3.15) 
[exp w 2 (s|l, 1)\ 2 

The Barnes multiple gamma functions are defined as (see for example |59) . page 
119) 

T N (w\ ai,a 2 , . . .,ajv) = exp(*Ar(w| ai,a 2 , . . .,a N )). (3.16) 
According to this definition the identity (|3.15[) can be written as 



ri(* 1 1) 
r|(s I i,i)- 



det(L 2 + s)= '^ \ ( v (3.17) 



On the other hand we note that (see [5], page 363), 

r 2 - 1 ( S |l,l)=r 2 - 1 ( S )(2 7 r)- s / 2 (3.18) 

where T 2 (s) is the Barnes double gamma function and also (see |59j . formula 
3.27), 

r x (a I l)=r(s)(27r)-i (3.19) 
Hence, p,17[) can be written as 

dct(L 2 + s) = (2n)- s -?r(s)T2 2 (s). (3.20) 

Comparing this with (|2.86[) we arrive at 

Lemma 3.2. Let A 2 be the Laplace operator on the two dimensional sphere 



and L2 '■= ^/A 2 + j — \. Moreover, let Zi(s;T;x) be the zeta function for 
the identity contribution for the Fuchsian group T of the first kind with an n- 
dimensional representation x and \F\ be the measure of the fundamental domain 
o/r. Then the following identity holds, 

Z I (s;T;x)= V2^det(L 2 +s) ^ (3.21) 
where the determinant is defined in i3.13\) . 



3.2 Determinant expressions of the zeta functions for the 
elliptic and parabolic contributions 

We are going to find some determinant representations for the zeta functions for 
the parabolic and elliptic contributions. To this end we must write the gamma 
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function as a determinant of an operator. Consider the Schroedinger operator 
for the one dimensional harmonic oscillator 

H = -^ + —^- (3 ' 22) 



E n = (n + -)Hu | n £ N U } . (3.23) 



The set of eigenvalues of H is given by 

1 
2 

Then we put 

The set of eigenvalues of H\ is NU{0}. The zeta function (|3.2[) assigned to this 
sequence of eigenvalues is the Hurwitz zeta function, 

C(z,«,)=53(— — ) (3.25) 

with a well known analytic continuation to the whole complex plane in both 
variables z and w. As in the previous section we define 

det(iZi + A) = exp(-d z CO, A)|,=o). (3.26) 
Thus from (j3TTj) . (|3~T2"|) . (jXTCl) . we conclude that 

det ( ffl + A ) = rW = W ^ 

By comparing this determinant with the definitions of the zeta functions Ze 
and Zp we obtain the desired determinant expressions: 

Lemma 3.3. Let Ze(s;T;x) be the zeta function for the elliptic contribution 
for a Fuchsian group T of the first kind with an n- dimensional unitary represen- 
tation x of degree of non- singularity k(T; x), let H be the Schroedinger operator 

H 1 

for the one dimensional harmonic oscillator and H\ := - — — — . Then the 
J huj 2 

following determinat expression holds 



f-l / -Li \ 

Ze(s; T; x) = II II det (#i + ~~) ■ ( 3 - 28 ) 

{R} r 1=0 ^ VR ' 

In this identity R denotes a representative of an elliptic conjugacy class in T of 
order v, a(R, I) is given in i2.125\) and the determinant is defined by 13.26\) . 

Lemma 3.4. Let Zp(s; T; x) be the zeta function for the parabolic contribution 
for a Fuchsian group T of the first kind with an n-dimensional unitary represen- 
tation x of degree of non- singularity k(T; x), let H be the Schroedinger operator 

H 1 

for the one dimensional harmonic oscillator and Hi := - — — — . Then the 
3 hw 2 

following determinat expression holds 

Z P (s;T;x) = e^^"*^'^)- 4 ^ - i)"*^ det(ff 1 + a + . 

(3.29) 

In this identity c(n, h) is given in V2.131]) where h denotes the number of in- 
equivalent cusps ofT and the determinant is defined by A3. c 26\) . 
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3.3 Regularized determinant of the automorphic Lapla- 
cian 

In this subsection we generalize Efrat's work [55] on the regularized determinant 
for the shifted automorphic Laplacian. Consider the automorphic Laplacian 
A(T; x) f° r a general Fuchsian group T of the first kind with an n-dimensional 
unitary representation x and the sets Si, S2, and S3 as defined in subsection 
3.1. For s G Si, s(l — s) is an eigenvalue of A(T;x), corresponding to a cusp 
form as eigenfunction. For s € S3, s(l — s) is an eigenvalue of A(T;x) where 
the corresponding eigenfunction is the residue of an Eisenstein series at its pole 
s £ S3. We denote by S3 the set of zeros of the determinant of the scattering 
matrix in the interval [0, ^) and hence 

S 3 = {l-s|seS 3 }. (3.30) 

We also recall that S2 is the set of resonances in the half-plane Re(s) < |. 
A spectral zeta function is defined by 

where S — Si U S% U S' 3 . As we recalled in formula (|3.3[) . the regularity of C( w > s ) 
at w = is crucial for defining a regularized determinant. First we describe the 
analytic continuation of C,(w, s) to a domain in the complex u;-planc including 
w = 0. Then we prove the regularity of C( w i s ) at w = 0. 
Let 

0(t) := ^e- a{1 - a)t , t>0. (3.32) 

Then the zeta function C( w i s ) cali be represented as the Mellin transform of 
6(t) (similar to [28], page 446), 

1 roc i, 
CKs)=— e{t)e s ^- s ^t w -, s»0, «;»0. (3.33) 
r ( w ) Jo t 

Based on this identity, the analytic continuation of £(s, w) is obtained from the 
asymptotics of 8(t) as t 00 and f — > 0. It is easy to see that: 

Lemma 3.5. The following asymptotic holds, 

9(t)=0(l), t^oo. (3.34) 

Lemma 3.6. For some constants a,f3,~f,5, the function 9(t) has the following 
asymptotic behavior for t — > 0: 

6(t) = -+p-^ + ^ F +8 + 0(Vi\ogt), t^0 (3.35) 
t \Jt yt 

Proof. Let 

h(r 2 + i) := e' ir2+ i )t , t > (3.36) 

and 

fl ( u ) = -l=e-£-4. (3.37) 

2V7TC 
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Then by inserting this pair of functions into the Selberg trace formula defined 
in Theorem IA.21 we get a version of Selberg's trace formula given by 

J2 e-<°-V t + C l {t) + C 2 {t)=I{t)+H{t) + E{t) + P 1 {t) + P 2 {t) + P 3 {t) 

aeSiUS 3 US' 3 

(3.38) 
(3.39) 



where 



-i />oo / -| 

Ci(t) = ~7T ~(o + ir > r ; X)e- {r2+ ^dr, 

27r J-oo W 2 



C 2 (t) = ^e-i, (3.40) 
I(t)=™J-l f rtanh( 7 rr)e- (r2+ 3 )t dr, (3.41) 

27r J-oo 

H ( t) = J=e-* E f wxy)^^)^!^^ (342) 

^ = yy in^L r ^(-W^L -^+j^ (3 . 43) 

p 1 (t) = - k ( V '^ f ^(l + i^e-^+i^dr, (3.44) 

(h n \ . 

fc(r ;x )ln2 + ^ £ m|l-exp(27ri^| — ^e"^ (3-45) 

P 3 (i) = ^p^ri (3.46) 

Note that in (|3.38[) . the sum runs over spectral parameters a € Si U S3 U S3 which 
is twice the sum over the eigenvalues in (|A.35[) . This is why all contributions in 
(|3.38[) are twice the corresponding contributions in (|A.35|) . 

By a simple calculation, from Theorem 3.5.5 and formula 3.5.2 in |67] . one 
can conclude the following formula, 

-+«r;r;x) = > tj ttx + > n ST?+c 3.47) 

^ 2 ^ ( r - t) + (I - z 3 ) r2 +i\- 

where a = j3 + 17 and Co is a constant. Inserting this into (|3.39[) and using 
Cauchy's integration method one gets 

Ci(t) = ^ e — )* - e-^ l -°» l . (3.48) 
Hence the Selberg trace formula (|3.38[) reduces to 

e(t)= e-^ 1 "^ = I(t) + H(t)+E(t) + P 1 (t) + P 2 (t) + P 3 (t)-C 2 (t). 

(TGSiUS 2 US^ 

(3.49) 
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By investigating the asymptotics of each term in the right hand side of this 
identity as t — > 0, we obtain the estimate of 9 it) as t — > 0. According to Venkov 
(see [ST], page 78), the following estimates hold 

/(t) = ^7+0(l), ff(t) = o(l), S(t)=0(l), 

Z7r r t-»0 t-»0 t-vo 

C a (t) = 0(l), Px(t)=0(^), 
t-vO v t 

P 2 (i) = 0(^), Ffe(f) = 0(l). (3.50) 

t->0 

To obtain the desired result we need a more precise estimates for Pi(t) and 
P 2 (t). For P 2 (i) we obtain 

P 2 (t) = -£= + 0(Vt), t->0. (3.51) 

Now we calculate the desired estimate for P\{t). Similar calculations has been 
done in |68j . The digamma function ip(l+ir) can be written in terms of Gamma 
function, 

tpil + ir) = ~logr(l + ir). (3.52) 
i dr 

Inserting this into (|3.44[) we get 

p i(t ) = _M£l^ e -! f°° ^-logTil + ir)e- tr2 dr. (3.53) 



Then integrating by parts leads for Pi(t) to 

Pl (t) = 2k ( T '^) i e -i t r re -tr 2 logr(1 + ir } dr (3 54) 

7f J-oo 

The following estimate holds (part 12.33 of [72"]): 

lnlYs) = iz- -)lnz-z + -ln27r+ 3_ + 0(z~ 2 ), ft z > (3.55) 

w 2' 2 12 z + 1 v ' y ' 

Inserting this estimate into (|3.54[) . we get 
p x (t) = 2fc ^ ;X h u(t) + BU) + Cit) + D(t)] + Qftlogf), t-+0 (3.56) 

7T 



where 



/OO -1 
re- tr2 (-+ir)log(l + ir)dr, (3.57) 
- OO ^ 

CO />00 ■ r~ 

tr 2 ,-, , ...u. _ „• / ^2„-tr 2 • -« /7T 



B(t) = - I re~ tr il + ir)dr = -i I r l e~ tr dr = —J -, (3.58) 



— OO 



1 Z" 00 

C(t) = -ln27r / re~ tr2 dr = 0, (3.59) 

^ J-oo 

1 /*°° 1 

D(t) = - I _ re-^—d, (3.60) 
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The estimate 0(t log t) in p.56[) . is obtained from the estimate of the following 
integral as t — > 0, 

poo 

\re- tr \\ +ir)- 2 \dr (3.61) 



By a simple caculation this integral can be written as 



oo e -tu 



du (3.62) 



As t — > +0, this integral behaves like — \ogt which leads to the desired result. 
For A(t) the following estimate holds (see [35], page 447) 

A(t) =01^+^ + ^+0(1,), ,-0 (3.63) 

where c\, C2, and C3 are some constants. The integral D(t) can be written as 

-i r°° r 2 e"* r2 

D ® = IT / T^ dr ^ 3 - 64 ) 
6 Jo 4 + r 2 

According to [55] (see there page 338), for some constant C4 we get 

D(t) = + 0(1), t->0. (3.65) 

Finally, by inserting (|3.58[) . (|3.59D . (|3.63[) . and (|3.65[) into (|3.56[) . we get the 

desired estimate for Pi(i), namely 

Pi(i) = a 1 ^ + a 2 ^+a 3 + 0(tlogt), t^O (3.66) 

where 01, ct2, and 03 are some constants. The identity (|3.49[) together with the 
estimates (|3.50l) . (|3.51[) . and (|3.66[) complete the proof. □ 

Lemma 3.7. For a fixed real s » the zeta function LS.31]) has an analytic 

(meromorphic) continuation to the half -plane Re(w) > — - and it is holomorphic 
at w = 0. 

Proof. According to Lemma l3.5l and Lcmma [3.6[ there exist a function f(t) with 
asymptotics 

/(t)=0(VtIogt), /(t)=0(l) (3.67) 

t->0 t->oo 

such that 

9(t) = j+ [3^ + ^+5 + f(t). (3.68) 

Inserting (|3.68p into (|3.33p and calculating the integrals (see [35] , page 448) one 
gets, 

C(w, s) = f^yp t s ( s _ !)] 

r(w - |) 



i» L v " [s(s-i)f 



+/3 V r(w) [S(S " 1)] "' W {T {W ~ 2 ] ~ l0g(s(S " 1)} 
+— - / fi^e^-^r'^dt. (3.69) 
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Because of the estimates in (|3.67p the integral in the last formula is convergent 

for Re(w) > —A. On the other hand — -. — r is regular and vanishing at w = 0. 

Hence, £(u>, s ) is holomorphic at w = 0. □ 

The regularized determinant det# of the automorphic Laplacian A = A(T; \) 
is defined as 

det(A - *(1 - *)) :=expf-^C(w>,»)l«=o)- (3.70) 

This determinant is closely related to Selberg's zeta function. To derive this 
relation, consider the trace formula (|A.35I) with the test function h as given in 

JL* U-.> '-(■-) - r-i ) + c > w + CM 

= 2J(s) + 2H(s) + 2E{s) + 2P(s) (3.71) 

where H(s), /(s), -E(s), and P(s) are the contributions of hyperbolic, identity, 
elliptic and parabolic elements for the aforementioned test function and they 
are the same as the corresponding contributions in formulas (I2.5[) , (|2.52[) , (|2.87[) 
and (|2.135[) . respectively. Moreover, 

C x {s):=-- ^( +ir; r; X )(-_ --__)dr (3.72) 

and 

We note that all contributions in (|3.7ip are twice the contributions in Selberg's 
trace formula (|A.35[) because in the right hand side of (|3.71[) . the sum is over 
the spectral parameters a £ Si U £3 U S' 3 while in (|A.35[) the sum is over the 
eigenvalues. According to Venkov (see [67], P-84), for some constant c, the 
following holds 

C 1 (s) = --±-±]og4>(s) 
2s — 1 as 

E 3 {a(l-a)-s(l-s) a { l-„) +P 2-± ) + C ' (374) 

Now, inserting this and p. 731) into (|3.71[) . we get 

1 1 



E 

hus 2 
1 d 
2s -Ids 
K Q ( 



log + 21{s) + 2H(s) + 2E{s) + 2P(s) 



2 V(s-i) 2 P 2 



(3.75) 
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Next, by differentiating both sides of this we get 

V- -(2s- 1) d 1 d . s 

.«Su SS wi-)-(i-)r EsrTEk ** ( " )+ 



On the other hand, according to (|3.70[) and p.3ip . the following identity holds 
did,,,, , -(2s - 1 

o-6Sius 2 us. 



, logdctM-s(l-s)) = V i '- ? . (3.77) 

ds 2s -Ids 8 V V " [ CT (i _ CT ) + s (i _ s )] 2 V ' 



Therefore (|3.76[) can be written as 

did,,,, , did 

st(A-s(l - s)) = — - 

v v " ds2s-lds 



ds 2s — 


1 ds 


2 d 1 


d 


ds 2s - 


- 1 ds 


2 d 1 


d 


as 2s - 


- 1 ds 



log <£0) 



bgZ / ( S ) + 2-f_L*log;j( fl )+ (3.78) 
as 2s — 1 as 

„ , n d 1 d , „ , . K d ( 1 
lGg Z ^ + 2 Ts 2s— Ills - T ds { Js~W 

where in the right hand side we used formulas (|2.5p . (|2.52[) , (|2.87[) and (|2.135l) . 
This formula leads to the desired identity formulated as a lemma. 

Lemma 3.8. Let A = A(T; x) be the automorphic Laplacian for a Fuch- 
sian group T of the first kind with a unitary representation x- Let Z(s) := 
Z(s;T;x) be Selberg's zeta function, Zj(s) = Zj(s;T;x)j Ze{s) := Ze{s;T;x), 
and Zp(s) := Zp(s; T; x) be the zeta functions for the contributions of the iden- 
tity, elliptic, and parabolic classes, respectively, and also let ip(s) = (p(s;T;x) be 
the determinant of the scattering matrix $(s) = $(s;r;x). Then the following 
identity holds 

detOL-s(l-s)) = e ( c ^'( s - 1 )+ c ^(s-i)-^V(s)Z / 2 (s)Z|(s)Z| ) (s)Z 2 (s). (3.79) 

In this formula, Kq :— £r$(i; T; and the determinant of the Laplacian is 
defined in {3. 70[ ). Finally, the constants c\ and ci can be determined by the 
asymptotic behavior of both sides as s — V 00. 

The complete Selberg zeta function for a Fuchsian group T of the first kind 
and a unitary representation x is defined by 

Z(s; T; x) ■= Zi(s; F; X )Z E (s; T; x)Z P (s; T; X )Z(s; T; X ). (3.80) 
Thus identity (|3.79|) can be written as 

det(A- s(l - s)) = e («*«(«-i)+<*) ( s - i)- A 'v(s)i 2 (s;r ;x ). (3.81) 

Corollary 3.1. The complete Selberg zeta function fulfills the following func- 
tional equation 

Z(l - s; T; x) = exp(-^Ms)Z(s; T; X ). (3.82) 
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Proof. The regularized determinant detn(A — s(l — s)) is invariant under s — > 
1 — s. Hence, from the equation p.81[) we get 

(s - h)- K °<p(a)Z \s; T; X ) = (s + \y Ka ^ - s)z\l - s; T; X ). (3.83) 
The determinant of the scattering matrix fulfills the following icntity |66j 

(p(s)<p(l - s) = 1. (3.84) 
Hence, (I3.83|) can be written as 

V {s) 2 Z (a; T; X ) = {-1)- K °Z (1 - a; T; X ) (3.85) 

or 

r^j 2 ^2 

Z (1 - a; T; x) = cM-™K )<p(s) 2 Z (a; T; X ). (3.86) 
This equation determines the following, up to the sign: 

Z(l - s; T; x) = exp(^pMs)Z(a; T; X ). (3.87) 

□ 

In [29] . Faddeev introduced a compact operator on certain Banach spaces 
and applied it for analytical continuation of the resolvent of the automorphic 
Laplacian R(s) to the whole complex plane. In a soon coming paper we prove 
that for a generalized version of this operator, denoted by 'H(s;T;x)i f° r a 
Fuchsian group T of the first kind with a unitary representation X the following 
identity, up to a nonzero holomorphic factor, holds 

det(l-H(s;T;x))=Z(s) (3.88) 

where det denotes certain regularized determinant. We use this identity in 
Theorem 13.91 For more details about the operator "H(s; T; X ) see [67] . 

By inserting the determinant expression of each element in the right hand 
side of (|3.79[) , the regularized determinant of the automorphic Laplacian can 
be written as a product of determinants. We formulate this identities in the 
following theorem. 

Theorem 3.9. For a Fuchsian group T of the first kind with an n-dimensional 
unitary representation X , up to a nonzero holomorphic factor, the following 
identities hold 

det(A - s(l - a)) = (a - \)~ Ka det $(s) dct(l - H(s; T; x)) 2 . (3.89) 

In the case of a congruence subgroup T of finite index in PSL(2,Z) we have 
also 

det (A - s(l - a)) = (s - i)-^>- fe ( r -x) det $(s) dct(L 2 + a)~^ 
J] J] dct (#i + ^) e(r;x) det(ffi + s + ^) 2k ^ det(l - £f >*) 2 . 

{R} r 1=0 VR 

(3.90) 



36 



Here $(s) = $(s;T;x) is the scattering matrix, Kq = fr($(|; T; x)), k(T;x) is 
the degree of non- singularity of \, {R} r denotes a set of all representatives R 
with orderly of the elliptic conjugacy classes ofY, a(R,l) and c(n,h) have been 
defined in 12.125}) and h2.1Sl)) . respectively. Moreover, 

e(T;x) :=2 - dim ^-l) + ^,0. (3 . 91) 

3.4 Determinant identities for commensurable groups 

In this subsection we derive an identity, connecting the determinants of au- 
tomorphic Laplacians for different manifolds. In general we are interested in 
determinant functor for space time category |58j . To this end we need the 
following theorem |66j : 

Theorem 3.10. Let Xi o-nd \2 be unitary representations of a Fuchsian group 
F of the first kind. Further, let A be a Fuchsian group of the first kind and 
r C A be of finite index in A. Then the following identities hold 

• Z(s; T; xi © X2) = Z(s; V; xi)Z(s; T; x%) 

. Z(s;T;x) = Z(s;A; U x) 

where u x is the representation of A induced by the representation x ofT. 

For a normal subgroup T C A with trivial representation x = 1 the second 
assertion of the theorem above can be expressed as (see [55], page 50), 

Z{b;T;1)= J] Z(s;A;^) di ^ (3.92) 
V'£(r\A)* 

where ip runs over the set of irreducible pairwise non-equivalent representations 
of the finite group T \ A. 

Now we consider commensurable groups I\ and T2 and we put T3 := TinlV 
Assume that 1^ is a normal subgroup of Ti and IV The formula (|3.92p for 1^ 
as a subgroup of Ti and T2 is written respectively as, 

Z( S; r 3 ;l)= [] Zis-T,;^^ (3.93) 

V>ie(r 3 \ri)« 

and 

Z(s;T 3 ;l)= J[ Z{s; T 2 ; ^ 2 ) dim ^. (3.94) 
^2£(r 3 \r 2 )* 

Hence, we get the following identity, 

[] Z( S ;r 1 ;^i) 2dimV ' 1 = n Z(s;T 2 ;i> 2 ) 2dim ^. (3.95) 
^ie(r 3 \r!)* ^ 2 e(r 3 \r 2 )* 

On the other hand from (|3.79[) we have 

{ ' ,X) [ r det^(s)Zj(s;T;x)Z 2 E (s;r;x)ZUs;r;xY 

(3.96) 
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Then by inserting the determinant expressions of the different zeta functions 
from (pOTj) . (|3~25|) . and (|3~^9")) . we get 

z 2 { s - r ; x ) = /(r ; x; s) det(A(r ; x ) ~ «(i - «)) x 

det _1 $(r ; x; s) [det(L 2 + a)]"-*" x 

det(^ + * + I)- 2 ^*) J] J] (detCif! + S -±l) J (3.97) 

where /(F; x; s) is certain holomorphic function. Now inserting (|3.97[) for the 
corresponding groups and representations in both sides of (|3.95[) , we get a rela- 
tion between different determinants. Wc formulate this relation in the following 
theorem: 

Theorem 3.11. Let Y\ and r 2 be commensurable Fuchsian groups of the first 
kind such that T3 := Ti PI r 2 is a normal divisor of both T\ and r 2 . Then, up 
to a nonzero holomorphic factor, the following identity holds 

II ( s - Ir^ 1 ^ det(A(r i; ^i) - «(1 - s)) dim ^ x 
ViG(r 3 \ri)» 

dct^(T 1 -^ 1 -s)- dira ' pl dct(£ 2 + s) ' d ""^ )2 ' F ' x 

det(H 1 +s + -)- 2k ^^ dim ^ TT T]det(Hi + —)< r ^ dim ^ 
2 j. j. j. j. Vr 

{R} Ti 1=0 

= ( s - ^) a(r2; ' 02) dct(A(r 2 ; V2) ~ s(l - s )) dim ^2 x 

V>ie(r3\r 2 )* 

,. , (dim^ 2 ) 2 |F 2 

det$(r 2 ;V 2 ;a)" dimV ' 2 [dct(L 2 + s)] 5 x 



det(i?i +s + i)-2A(r 2 ^2)dim^ x 



2 

TT TTdct(ffi + £2_)e(r ai V a )dim^ a _ ( 3g8 ) 
- LJ - - L - L I/J? 
{fl)r 2 '=° 

Here ip\ and ip2 run over the set of irreducible pairwise non- equivalent represen- 
tations of the finite group T3 \ Ti and T3 \ T 2 , respectively. The term a(T; x) is 
given by 

a(T; x) := [K (T; X ) + fe(T; X )] dimx (3.99) 

where Kq = tr(<$>(^;T; %)), fc(r;x) is ^e degree of non- singularity of %, {i?} r 
denotes a set of representatives R with order v of the elliptic conjugacy classes 
ofT, a(R,l) has been defined in h2.125\) . and 

e(r;x):=2 . (3.100) 

4 Jacquet-Langlands correspondence 

In this section we only consider the trivial representation x — 1- In j38j an 
explicit integral operator lift with the Siegcl thcta function as kernel, between 
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Maass forms of the unit group of an indefinite quaternion division algebra and 
a congruence subgroup of the modular group is constructed. This is indeed a 
special case of the Jacquet-Langlands correspondence which Hejhal reproved by 
using classical arguments [35]. Following [35J, [12], and [TT] we illustrate this 
correspondence. We need first to recall the unit group of a quaternion algebra. 

4.1 Unit group of quaternion algebra 

Here we follow [52]. A ring B with unity is called an algebra of dimension n 
over a field F, if the following three conditions are satisfied: 

1 F C B and the unity of F coincides with the unity of B; 

2 the elements of F commute with the elements of B: 

3 B is a vector space over F of dimension n. 

Let B be an algebra over F with center Z{B). The algebra B is called a central 
algebra if Z(B) = F. The algebra B is called simple if it is simple as a ring 
that is, B has no two-sided ideals except for {0} and B itself. The algebra B is 
a division algebra if every nonzero element of B is invertiblc. 

Definition 4.1. A central simple algebra B of dimension 4 over a field F is 
called a quaternion algebra over F. 

Furthermore, if B is a division algebra, we call B a division quaternion 
algebra. 

Let B be a quaternion algebra over a field F. Then there are only two 
possibilities (see [49], page 43) 

1 either B is a division quaternion algebra 

2 or B splits over F that is, B is isomorphic to M2(F), the algebra of all 
2x2 matrices with entries from F. 

Let K be an extension of F then one says that B is ramified respectively splits 
over K if B ®p K, the tensor product of B and K as algebras over F, is a 
division quaternion algebra or is isomorphic to M%(K). 

A norm on B is defined by using the following results |73j : 

1 If F is algebraically closed, that is if every one variable polynomial of 
degree at least 1 with coefficients in F has a root in F (see |47j . page 178), 
then Mi (F) is the unique quaternion algebra over F up to isomorphism. 

2 If K is any extension over F, then B <g>p K is a quaternion algebra over 

Let B be a quaternion algebra over F, and let F be the algebraic closure of 
F. According to the results above B ®p F is a quaternion algebra over the 
algebraically closed field F and hence B®p F is isomorphic to M2(F). Now we 
can define the (reduced) norm and the (reduced) trace of elements of B by 

N B (fi) = detGS), tr B (/3) = tr(/3), (4.1) 

where det(/3) and ir(/3) are the determinant and the trace of /3 as an element in 
M 2 (F). In [73] it was shown that both N B {ft) and tr B {P) belong to F. 
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Definition 4.2. For an algebra B not necessarily of quaternion type over the 
field of rational numbers F = Q or its p-adic extensions F = Q p an order is 
defined as a subset O of B satisfying the two conditions 

1 O is a subring containing the unity of B 

2 O is finitely generated over Z or Z p and contains a basis of B over F. 

An order of B is called maximal if it is maximal with respect to inclusion. 
All maximal orders of an algebra B are conjugate (see for example [38j, page 
135). 

From now on we assume B to be a quaternion algebra over the field of 
rationals Q. The algebra B is characterized up to isomorphism by a positive 
integer d{B) called the (reduced) discriminant which is defined to be the product 
of primes p where B is ramified over Q p that is B <£>q Q p is a division quaternion 
algebra. Note that some authors define discriminant as the square of what we 
presented as the definiton of d(B) [521 EH] ■ The discriminant is also defined for 
orders of the algebra B: the (reduced) discriminant d(O) of an order O of the 
algebra B is defined by (see [T2] and references there) 

d(0) = y/\det[tr B (^ k )}\ (4.2) 
where £i, £2, £3, £4 is an y Z-basis of O and 



( tr B (£iti) tru(66) tr B (SiU) \ 

trufati) *r B (66) tr B (66) tr B (& 4 ) 

*ru(6&) irutejfcO tr B (^ 3 ) tr B (^) 

\ tr B (U£i) tr B {U£,2) tr B {U&) tr B fa&) J 



(4.3) 



For a maximal order O max the discriminant is equal to the discriminant of the 
algebra B that is d(B) = d{O max ) (see [63] and references there). 

Definition 4.3. The algebra B is called indefinite or definite according to B<Siq 
K being isomorphic to M2(R) or being a division quaternion algebra (f52ij, page 
201). 

We recall the following remark from |63j : 

Remark 4.1. • For each square free number d G Z + , there is exactly one 
quaternion algebra B over Q up to isomorphisms with d{B) = d, 

• d{B) > 1 if and only if B is a division algebra, 

• B being indefinite means that d{B) has an even number of prime factors. 

Let B be an indefinite quaternion algebra over Q. We fix an isomorphism 
of B R and M2 (R) and consider B as a subalgebra of M<x (R) through this 
isomorphism. Then the norm N B (P) of an element j3 of B is nothing but the 
determinant of /3 as a matrix. Let O be an order of B. Then the unit group (of 
norm 1) of O is defined by ([52], page 209) 

O 1 = {/3 G 0\ NbW) = 1} C SX(2,R). (4.4) 

Now we recall the following well known result (see [55], page 209): 
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Theorem 4.1. Let B be an indefinite quaternion algebra over Q, and O be an 
order of B. Then O 1 is a Fuchsian group of the first kind. Moreover, if B is a 
division quaternion algebra, then is compact. 

Because of this theorem from now on we restrict ourself to an order O of an 
indefinite quaternion algebra over the field of rational numbers Q and its unit 
group O 1 . 



4.2 Siegel theta function 



In this subsection we introduce the Siegel theta function by following [38], [12], 
and [TT]. Let O be an order of an indefinite quaternion algebra over Q. Since 
O is isomorphic to Z, one can fix a basis ej, 1 < i < 4 of O over Z such that 



O = eiZ © e 2 Z © e 3 Z © e 4 Z. 



(4.5) 



(4.6) 



For an element q 6 0, let 

/ fci \ 

k - k2 
kq k 3 

\k 4 J 

be the vector representation of q in the given basis. Furthermore, since O is 
indefinite, one can fix an emmbeding 

cr : O — > M 2 (R). (4.7) 

There is a unique _B G Gi4(R) describing this emmbeding in the following way: 



a (3 
7 S 



whenever Bk„ — 



( a\ 

P 
7 

V * J 



(4.8) 



Let 



S 



/ 1 \ 
0-10 
0-100 

V i o o o j 

Then by a simple calculation it can be shown 

n(q) = det{a q ) - (aS - /3 7 ) = ^{Bk q fSBk q . 



(4.9) 



(4.10) 



Thus the norm n(q) of q as a four dimensional vector space over Z is defined by 
the quadratic form 

n(q) = ifc^'fc, (4.11) 
where 5" is a 4 x 4 symmetric matrix given by 

S" = B f SB. (4.12) 
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For Li, L 2 £ SL(2,R) such that 



ai /3i 
7i Si 



a-2 $i 
72 S 2 



(4.13) 



an element A(L\, L 2 ) £ M^R) is defined by 



( ax \ 

Pi 
7i 

V Si J 



( a 2 \ 

/?2 
72 



(4.14) 



Definition 4.4. for a symmetric matrix S, the majorant P is defined to be a 
positive definite symmetric matrix such that PS~ l P = S . 



Let 



Then 



M z := 



v 2 xy- 

y- 



£ SL(2,] 



z = x + iy £ 



(4.15) 



P zw := A(M-\ M- 1 )*A(MJ 1 , AC 1 ) (4.16) 

is a majorant of S (see [T2], page 14). If P is a majorant of 5 then B t PB is a 
majorant of B l SB (see [H], page 14). According to this fact, 



pi Trip r> 



(4.17) 



is the majorant of S' = B f SB that is P zw is symmetric positive definite. 

Now fix z £ H and take r = u + iv £ H, z = x + iy £ EL With i? := 
uS" + ivP ZZQ , the Siegel theta function 6*(z; r) is defined as 



0(z;r) := Jro(r) ^ e"**^ = Jm(r) ^ 
fcez 4 <?ee> 



(4.18) 



The Siegel theta function has the following transformation properties which is 
crucial for the application in the next subsection, (for the proof see [T^], page 
16). 

Theorem 4.2. Let O be an order in an indefinite quaternion algebra over Q, 
with (reduced) discriminant d. Then 

(1) e{<j q z- T ) = e(z-r), Vo g o 1 

(2) e{z; 9 T) = e{z;r), V 5 G T (d). 

Note that for q £ O 1 , a q = a{q) £ SX(2,R). 



4.3 Theta-lifts 

In this subsection we recall two integral transformations providing a lift be- 
tween Maass forms for congruence subgroups and nonconstant square integrable 
automorphic eigenfunctions of the hyperbolic Laplacian for the unit group of 
quaternions. As before, let O be an order with discriminant d(0) in an indefinite 
quaternion division algebra over Q and O 1 be the corresponding unit group. We 
also put Xd := ro(d)\H and Xq := 1 \M. The following theorem was proved 
in (T2]: 
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Theorem 4.3. For a fixed reference point zq £ H in the Siegel theta function 
the maps 

6 : Ll(Xo) — > C d(0) and 9 : C d(CJ) — > lg(X ) (4.19) 

given by 

Q(P(t):= I 6{z;T)ip(z)dn(z) (4.20) 

and 

Qg(z) := f eizTr)g(T)dfx(r) (4.21) 

define bounded linear operators preserving Laplace and also Hecke eigenvalues. 
Here Lq(Xq) denotes the space of non- constant square integrable automorphic 
functions on Xq := 1 \M and Cmo) denotes the space of cusp forms for the 
congruence subgroup T$(d(0)) whose level is equal to the discriminant of the 
order O. Tq\ and are the corresponding fundamental domains and 9(z;t) 
is the Siegel theta function. 

According to this theorem it follows that (T2"] : 

Theorem 4.4. All eigenvalues of the hyperbolic Laplacian on L 2 (Xq) also 
occur as eigenvalues of the hyperbolic Laplacian on L 2 (X c i) where d — d(0). 

For a maximal order O max it is shown that the right hand side of Selberg's 
trace formula for 0^j ax with the trivial representation \ = 1 coincides with the 
right hand side of Selberg's trace formula for the new forms (see formula (|4.28|) ) 
of a congruence subgroup of level equal to the discriminant of O max with the 
trivial representation x = 1 (sec Theorem 14. 6p . Therefore one gets equality of 
the left hand sides of these trace formulas: 

J2 KX k )= J2 MA fc ) (4.22) 

where C% ew denotes the space of new Maass cusp forms for the congruence 
subgroup of level d = d(O max ). This together with the last theorem leads to 

Theorem 4.5. For a maximal order O max , the eigenvalues of the hyperbolic 
Laplacian, including multiplicities, on Xo ma7 . coincide with the Laplace spectrum 
on the space of new Maass forms for the congruence subgroup To(d), where d is 
the discriminant of the maximal order O max . 

4.4 Selberg trace formula for new forms 

Consider the congruence subgroup To(n) C SL(2, Z) with the trivial represen- 
tation x = 1- The space C n {\) of Maass cusp forms with eigenvalue A can be 
decomposed into two subspaces of new and old forms C„(A) = C° ld (X)(BC^ ew (A). 
The space C° ld (\) is the linear span of all forms with eigenvalue A coming from 
all overgroups To (to) D To(n) with m\n and C™ et0 (A) is defined to be the orthog- 
onal complement of C° ld (X). Let us denote the dimension of C„(A) and C™ eu, (A) 
by 6(n, A) and 5 new (n, A) respectively. Then the following identity holds [3] 

5 new (n,\)= V/3(-)<5(m,A) (4.23) 

rn\n 
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with 

/3(a)=$>(0M~), (4-24) 

l\a 

where fj,(n) is the Moebius function, defined on N by (see for example [S3], page 
639) 

1 if n is a square-free positive integer 
with an even number of prime factors, 
M( n ) = \ 1 if n is a square- free positive integer (4-25) 
with an odd number of prime factors, 
if n is not square-free. 

Identity (|4.23[) leads to the following formula [TT] : 



E W E ^A fc ) (4.26) 

This suggests to take the sum 



to 

u k £C™ ew m\n UkGC-n 



E MA,)+I>(-)MAo) = !>(-) E M*fe) (4-27) 



to * — ' m 

WfcSCj"' 2 ^ m|n m n KfcSCSCn 



for defining the left hand side of the Selberg trace formula for the new forms. 
Thus we arrive at the following definition of a trace formula for new forms for 
the congruence subgroup To(n) (see also [55]): 



E h{\ k ) + J2P(-)H*o) = IT W + H^ w + K ew + FT™ - CT W ■ (4-28) 

iifc€C" ei0 m\n 



The terms I™ ew , H™ ew , E™ w and P£ ew are given by 

I ne W= ^2^H )Im (4 29) 



m 

m\n 



H ne W = Y^P{~)H m (4.30) 
* — ' TO 



m|n 

n 

1 TO ' 



E ne W =Y,P{~)E m (4.31) 

m|n 



E/ 3 (-) p ™ ( 4 - 32 ) 

' — ' TO 



n , 

'TO' 



C new = y2p(-)C m (4.33) 

m\n 

where I m , H m , E m and P m denote the contributions of identity, hyperbolic, 
elliptic, and parabolic conjugacy classes for the congruence subgroup To(m) 
and the trivial representation x = 1- The term C m refers to the contribution 
of the continuous spectrum for the corresponding group To (to). Next we recall 
the following theorem which is proved in |11| : 
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Theorem 4.6. Let O max be a maximal order with discriminant d(Q max ) in an 
indefinite quaternion division algebra over the field of rationals. Then the right 
hand side of the new form Selberg trace formula for the congruence subgroup 
Fo(n) with n = d(O rnax ) coincides with the right hand side of the Selberg trace 
formula for the unit group of O max that is 

I OLax = I™ w , E i max = E™ w , P" ew = CZ W = (4.34) 

H i max = H™ w (4.35) 

where Iqi , Eq\ , Hqi denote the contributions of the identity, elliptic, 
and hyperbolic elements in the right hand side of Selberg 's trace formula for the 
unit group of quaternions with the trivial representation x = l. 



4.5 Determinant identities 

For a congruence subgroup Tq(u), new form zeta functions, Zf e ™(s), Zg e ™(s), 
Zp e ™(s), and Zjf™(s) respectively corresponding to the identity, elliptic, 
parabolic, and hyperbolic contributions in the Selberg trace formula for the new 
forms arc defined as a solution of the following differential equations, 

il" ew (s) = ^^^log^OO, (4.36) 



d 


1 


d . 


ds 2s 




1 ds 


d 


1 


d 


ds 2s 




1 ds 


d 


1 


d 


ds 2s 




1 ds 


d 


1 


d 



l H ^ = f s ^its^ z ^ (4 - 39) 

where I„ ew (s), E™ ew {s), P£ ew (s) and H™ w (s) are the contributions of the 
identity, elliptic, parabolic, and hyperbolic elements in the Selberg trace formula 
for the new form with the test function 

M> 2 + 7 ) = ^ T^— f TT ~ ? 1 o9 P>L seC - ( 4 - 4 °) 

v 4 ; r 2 + i +s ( s _i) r 2 +/3 2 2' v ; 

Moreover, by definition we have 

= izT^iz^gZ!^^), (4.41) 

£ H "~ = itti^ z *^~M (4 - 43) 

where Iqi , Eqi , and Hqi are the continuations of the identity, elliptic, 
and hyperbolic elements in Sclberg's trace formula for 0} nax twisted with the 
trivial representation, with the test function given in (|4.40j) . 
From identities (|4. 29fl4.3^|) it follows that 

Z?™(s):=IL mln Z^\s), (4.44) 



ds 2s — 


1 ds 


d 1 


d 


ds 2s — 


Ids 


d 1 


d 
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'■= n,„ 


7 P\^i 


'(« 




: = n.,„ 




\s 




: = n.,„ 


7 P(% 





(4.45) 
(4.46) 
(4.47) 

where Zj tm (s), ZE, m (s), Zp^ m (s), and Z m (s) denote the zeta function for the 
congruence subgroup ro(m) with the trivial representation corresponding to the 
contributions /, E, P, and H . 

On the other hand Theorem 14.61 together with formulae (|4.36M.39|) . (|4.41t - 
I4.43[) , and (|4.44M4.4"T)) . up to a nonzero holomorphic factor, lead to 

Theorem 4.7. The following formulae hold 







- LL m\n z 'I !m \S), 


(4.48) 




= z%:( S ) 


= n-rn\ n Z^™\s), 


(4.49) 




= Z^(s) 


-n , 7 P{ ™ ] (^ 

— 11 m\n Zj m V s / 


(4.50) 



where n = d(O max ). 

Finally, we can also connect the automorphic Laplacians for the different 
groups by their regularized determinants. Indeed from (|3.79[) and the previous 
theorem we get 

Theorem 4.8. For the congruence subgroup To(m) with the trivial representa- 
tion, let h m be the number of inequivalent cusps, $ m (s) be the scattering matrix, 
K m = tr$> m (l). Also let O max be a maximal order with discriminant d(O max ) 
in an indefinite quaternion division algebra over the field of rationals. Then the 
following identity, up to a nonzero holomorphic factor, holds 

F(s)det(A(0 1 max ) s(l s)) = J] dct(A(r (m)) - *(1 - (4.51) 

m\n 

where 



F{s) = (s - !)-£»!» JJdefc (4.52) 

m|n 

n = d(O max ), and /3(u) is given in \J^.21^ . 



A Spectral theory of automorphic functions 

In this appendix we introduce briefly some definitions and results in the spectral 
theory of the automorphic Laplacian which we need in this paper. 

Hyperbolic plane One of the models of the hyperbolic plane HI is the upper 
half plane, 

{x + iy e C | y > 0} (A.l) 
equipped with the Poincare metric, 



ds 2 = dx2 \ dy2 (A.2) 
y 2 
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and the Poincare measure, 

y 

The Laplace operator L on H associated to the Poincare metric is called the 
hyperbolic Laplacian. It has in Cartesian coordinates the following explicit 
form, 

L — y2 ^ + w ) {AA) 

where we defined the Laplacian with minus sign. 



Isometries of H The group of all orientation preserving isometries of 
identified with the group G = PSL(2M), 



is 



G = ^g=(^ a c 2j|detff = l, a, b, c, d e k| / {±1} , (A.5) 

acting on H by linear fractional transformations, 

Gxl — ► H 
i % az + b 

( 9 ,z):= 9 z=—. (A.6) 

The elements of G except the identity are classified in three disjoint classes 
according to their traces as a matrix. An element g € G is called elliptic, 
parabolic or hyperbolic if | tr(g) | < 2, | tr(g) \ = 2 or | tr(g) \ > 2, respectively. 
Since the action of G can be extended by continuity to HI U K U {oo}, this 
classification can be reformulated as the following: elliptic elements have only 
one fixed point on H, the parabolic ones have a unique fixed point on lU {oo} 
and the hyperbolic elements have two distinct fixed points on K U {oo}. 

Fuchsian groups A discrete subgroup L C PSL(2,M.) is called a Fuchsian 
group. 

A cusp of a Fuchsian group T is defined to be the fixed point of a parabolic 
element of T. 

A fundamental domain F for a Fuchsian group T is defined to be the closure of 
a domain U G H, including all non T-cquivalcnt points of H such that 

H = U 7f. 

The volume of the quotient space r\H, represented by the fundamental domain 
F, is given by, 

woZ(r\H) := |F| := / dfi(z). (A.7) 
Jf 

A Fuchsian group T for which the volume of T \ H is finite, is called Fuchsian 
group of the first kind (or cofinite). 

If the surface T \ H is compact, the group T is called cocompact. 
A Fuchsian group T of the first kind is determined by [66] 

1 a finite number 2g of hyperbolic generators, A\, B±, . . . , A g , B g 

2 a finite number / of elliptic generators, R%, . . . , Ri 
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3 a finite number h of parabolic generators, Si, . . . , Sh 
such that the following relations hold, 

[A^Bi] . . . [Ag, B g ]Si . . . S h R! ...Ri=E, 

R r l 11 =Id,..., Rp = Id. (A.8) 

Here [, ] denotes the commutator and rrij £ N U {0} is the order of the elliptic 
element Rj. The signature of a group T, determined by a set of generators is 
defined to be the set of numbers, 

(g;mi,...,mi;h) (A. 9) 

which is a topological invariant of the group as is the fundamental group of the 
corresponding surface. We note that g is the genus of the surface T \ H and h is 
the number of cusps of the surface. Moreover the group T is cocompact if and 
only if h = 0. 

For a Fuchsian group of the first kind with signature as in (|A.9[) , the volume 
of T \ H is given by the Gauss-Bonnet formula [66] , 



F| = 2tt ^2 3 - 2 + ^(1 + . (A.10) 



Modular group and its congruence subgroups are examples of the Fuchsian 
groups of the first kind. The modular group is defined by 

SL(2,Z) = \( a i b d )\ad-bc=l,a,b,c,d£z\. (A.ll) 



c 



This group has the signature (0, 3, 2, 1) and it is generated by the parabolic 
element 

r=(; ;) (A.i2) 

and the elliptic element 

1 

-1 



(A.13) 



The principal congruence group of level N £ N is a subgroup of modular group 
defined by [56] 

T(N) = jp £ SL(2, Z)U=(J J) mod ivj . (A.14) 

A subgroup of SL(2,Z) containing T(N) is called a congruence group [SB]. The 
Hecke congruence group of level N is an example of congruence subgroups de- 
fined by [56) 

r o (A0 = {g £ SL(2, Z) | 5 2i = mod N} . (A.15) 
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Automorphic Laplacian The Fuchsian groups allow us to define the notion 
of automorphy of functions and operators on H. 

Let V denote a Hermitian space of dimension n := dimV and % be a unitary 
representation of F on V. 

Then a vector valued function / : H — > V such that, 

f{iz) = Xh)f(z), 7 G T, (A.16) 

is called an automorphic function with respect to T and X- We denote by 
$j = -Q(r;x), the Hilbert space of automorphic functions with respect to T and 
X, square integrable on the fundamental domain F with the scalar product given 

by, 

(f,h)= [ (f(z),h(z)) v d t i(z), f,h€S$ (A.17) 
Jf 

where (, ) denotes the Hermitian form on V. 

Let 53 be the dense domain in Sj(T;x) consisting of the functions g which 
are restrictions of functions / on H to F such that 

• f( z ) = x(i)f(iz), 7 g r 

• / and Lf belong to S)(T; x) 
An operator A is defined by 

Af = Lf, / e 3) (A.18) 

which is symmetric and non-negative. It turns out that this operator is essen- 
tially self adjoint [67j[29]. The automorphic Laplacian A is defined as the unique 
self-adjoint extension (Fredrichs extension) of the operator A on S). Thus the 
automorphic Laplacian A is a self-adjoint non-negative unbounded operator. 
For more detail and proofs of the assertions see [571 HH] ■ 

Spectral decomposition Let T be a Fuchsian group of the first kind with 
incquivalcnt cusps x a , 1 < a < h. An element 7 G T is primitive if it can not 
be written as a power of another clement of the group. Let S a be a primitive 
parabolic element leaving the cusp x a invariant S a x a = x a . Then S a is the 
generator of the maximal stabilizer group of the cusp x a , denoted by T a . 

Definition A.l. A finite dimensional representation xofTis called singular 
in the cusp x a if 

dimker(x(S' a )-lv) =0 (A.19) 

where ly is the identity operator in V . Otherwise we say that the representation 
X is non-singular in the cusp x a . 

Definition A. 2. If x is non-singular at a cusp x a , we say that the cusp is 
open. 

Definition A. 3. A representation x is called singular if it is singular in all 
cusps. 
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Definition A. 4. The representation \ is called non-singular if it is non-singular 
at least in one cusp, that is if at least one cusp is open. 

Remark A.l. The definition of singularity of a representation is opposite to 
Selberg's definition (see \66§) but it is more reasonable from the point of 
view of mathematical physics and it is due to E. Balslev^\. If the spectrum of the 
hyperbolic Laplacian on a non-compact surface is purely discrete, that means the 
situation is singular. In non-singular situation, we have a continuous spectrum 
and may be a discrete one. 

For cocompact groups and also for non-cocompact groups with singular rep- 
resentation, the automorphic Laplacian A = A(T; x) has only a purely discrete 
spectrum in S) = ,f)(T;x), spanned by the corresponding discrete set of eigen- 
functions of A (see pages 17 and 18). 

For non-cocompact groups with a non-singular representation \ the auto- 
morphic Laplacian A(T; x) in f) = -fj(T; x) has a continuous spectrum and may 
be a discrete one. The continuous spectrum is described by the Eisenstein series 
analytically continued to the spectrum [5^1 ISZ] • 

Before proceeding further, we need some notations. The subspace V a C V 
for x a a cusp with S a x a = x a is defined by 

V a := {v G V | X (S a )v = v} (A.20) 

and we put k a := dim V a . We denote an orthonormal basis of V a by {e;(a)}J^ 1 . 
The degree k of non-singularity of the representation x is defined as 

h 

k:=k(T;x):=Y, k - ( A - 21 ) 

a=l 

Wc denote by P a the orthogonal projection of V onto V a . 

For every open cusp x a , 1 < <x < h, the Eisenstein series E a (.,s) : H — > V a 
is a k a dimensional vector whose components E a j arc defined as an absolutely 
convergent series in the domain Rc(s) > 1, uniformly convergent in z on any 
compact subsets of H by 

E atl (z,s)= (M^^Yx^^eiia), 1 < I < k a Re(s) > 1 (A.22) 

crer a \r 

where x* denotes the adjoint of x as operators in the Hcrmitian space V, a a € 
PSL(2,~R) denotes the element such that and ei(a) is an element of 

the orthonormal basis of V a . In the domain Res > 1, the Eisenstein series has 
the following properties [SSI EZ] : 

1 E a (z,s) is holomorphic in s. 

2 For fixed s, LE a (z,s) = s(l — s)E a (z,s). 

3 For fixed s, E a (z, s) is automorphic relative to T and x- 

4 The zero-th order term of the Fourier expansion of the components 
Ea.i(z, s) of E a (z, s) at a cusp xp is given by, 

S a ,py s ei(a) + <j> a i^(s)y l - s . (A.23) 

1 Private communaication between Alexci Venkov and Erik Balslev 



50 



The elements of the automorphic scattering matrix 

$( S ) = $( S ;r ;x ) := {$ M ( a )}gl? (A.24) 

are given by 

*fcd(s) = $ Q i,pk{s) = (e fc (/3), <j> a i,p(s)) v (A.25) 
where (.}y denotes the inner product in V . The indexes are defined by 

b = fci + fc 2 + . . . + fc Q _i +Z, d = fci + fc 2 + • • • + fc/3-i + fc (A.26) 

such that 

l<a,/3<h, l<l<k a , l<k<kp. (A.27) 

Then the following Theorem holds [55] [ST] 

Theorem A.l. The following assertions hold, 

a The scattering matrix $(s) and the Eisenstein series E a (z, s) admit mero- 
morphic continuations to the entire s -plane, the order of these meromor- 
phic functions is not greater than four. 

b In the half plane Re(s) > h, < &(s) and E a (z,s) have only a finite number 
of common simple poles Sj € (5, 1] such that Xj :— Sj(l — Sj) is a real 
eigenvalue of A(T; x) ■ 

c The scattering matrix fulfills the functional equations 

$(s) = $( S ) T , $(.s)$(l - s) = Id. (A.28) 

d The Eisenstein series satisfies the following functional equation, 

E(z,s) = <f>(s)E(z,l- s) (A.29) 

where 

E{z, s) = (E^z, s),..., E h {z, s)f . (AM) 

An eigenfunction of the automorphic Laplacian, 

A(T; X )f = s(l - s)f, f e Si(T; X ) (A.31) 

with vanishing constant term of the Fourier expansion at each cusp is called a 
cusp form with spectral parameter s |66| . A cusp form / decays exponentially 
fast in all cusps and / is orthogonal to the Eisenstein series [66]. The spectral 
parameters of the cusp forms are a discrete set of points s, lying on the line 
Res = i and in the interval (±, l] [53 Ml EE]- We denote the space of all cusp 
forms by S)q. 

Let Oo be the finite dimensional space, spanned by the residues of Eisenstein 
series at finitely many poles in (^,1] and let Oi be the orthogonal complement 
of ^0 © ©o in S3. The automorphic Laplacian A(T;x) splits the space S3 into 
three invariant subspaces defined above [55] , 

S3 = S30 ® e ® e v (A.32) 

The automorphic Laplacian A = A(T; x) has a purely discrete spectrum on 
the space S) Q © O C S3 [66]. The spectrum of A(T;x) on ©1 is absolutely 
continuous, filling up the semi-axis A > \ with multiplicity k(T;x)- In this case 
the eigenf unctions are described by E a (z, s = 1) which arc not in Oi [66] . 
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Selberg trace formula The Selberg trace formula is an identity connecting 
the spectrum of the automorphic Laplacian on r\H to the geometry of this 
surface. We recall it from [BB]. First we need some notations. Let {e;(a)}™ =1 
be a basis of V in which x{S a )(^v — Pa) is diagonal, 

x(S a )(l v - P a )ei(a) = v a iei(a). (A. 33) 

Then the following holds 

»a> = l° , ei ! a ! € ^' (A.34) 

[exp^iriBd) ei(a)€VQV a . 

where < 6 a i < 1. 

Theorem A. 2. Let h(r) := h(r 2 + j) be a function of a complex variable r 
which satisfies the following conditions: 

• As a function ofr, h(r) is holomorphic in the strip 
{r G C : \Im(r)\ < | + e} for some e > 0. 

• In that strip, h(r) = 0((1 + \r |) _ ) and all the series and integrals 
appearing below converge absolutely. 

Then the following identity holds 

oo 

J2 h (^k) +C = I + H + E + P (A.35) 

fc=0 

where {X n \ = Ao < Ai < A2 < . . .} are the discrete eigenvalues of A(T;x)- 
Here C corresponds to the continuous part of the spectrum given by 

C = c(h(r);T; X ) = -^ J^{\+ir-,T-, X )h{r 2 + \)dr +^-h{\) (A.36) 

where tp denotes the determinant of the scattering matrix *£(s) and 

A'o = tr(Q(^; T; x))- On the right hand side of HA . 35}) I corresponds to the 

contribution of the identity element of the group which is given by 

~ n\F\ f°° 1 

I = I(h(r);T; X ) = - LJ - rt&nhlirr) h(r 2 + -)dr (A.37) 
4tt J_ oc 4 

The term H denotes the contribution of the hyperbolic conjugacy classes and is 
given by 

H =H(i(ry, V, x) _ £ f WiP)) (A.38) 

{P} r m=l V > K > 

where {P} T denotes the primitive hyperbolic conjugacy classes and the function 
g appears through the Selberg transformation: 

1 f°° 1 

g(u) = — e~^h(r 2 + -)dr (A.39) 
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The next term E refers to the contribution of the elliptic elements and is given 
by a summation over primitive elliptic conjugacy classes {R} r of order v 

i-,,7, \ t~i \ 1 trvX k {R) f°° exp(-2Trrm/v) , . 2 1, , 

Z * — ' — ' vsmirm/v J^oo I + exp{—Z7rr) 4 

(A.40) 

Finally, the last term comes from the parabolic conjugacy classes given by 

h n 

P = P(£(r);r;x)=-(fc(r;x)ln2 + ^ £ ln|l -exp(27r»0 al )|)s(O) 

/" W + irJMr 3 + \)dr + ^-h{\) (A.41) 

where h is the number of cusps and ip is the di-gamma function. 

In the case of cocompact groups like the unit group of quaternion algebras 
there is no continuous spectrum and no parabolic element and the trace formula 
(|A.35[) reduces to 

oo 

^h(X k ) = I + H + E. (A.42) 

k=0 

Weyl-Selberg Formula In this subsection we recall briefly the Weyl-Selberg 
formula which clarifies the asymptotics of the distribution of the eigenvalues of 
the automorphic Laplacian. 

The discrete eigenvalues {A„ | = Ao < Ai < A 2 < . . .} of the automorphic 
Laplacian A(T; \) can be represented as Xj = | + r|, rj G M. Then the distri- 
bution function for the eigenvalues of A(T; x) is defined by 

N(T;T; X ) = U^\\rj\<T}>0. (A.43) 

The continuous spectrum is measured by [41] 

M(T;T; X ) = i- / ~~{\ + it", T; X )dr > 0. (A.44) 

47T J_ T cp 2 

Weyl-Selberg formula is given by page 52) 

|F|dimV^ 2 k(T; X ), 



N(T; T; X ) + M(T- V; X ) = T - -^^TlogT+ 

47T 7T 



h dim V 



fc(r ;x )(l-log2)-^ log|l-exp(27r^ 



a=l l=k a +l 



T (A.45) 



where all notations are introduced in the previous section. We note that if the 
group is cocompact or the representation x is singular then the second term in 
the left hand side of the equality is absent. 
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The functions N(T; T; x) and M(T; T; x) can be estimated separately as 
follows (see [3T], page 138, Corollary 3.3.14), 

N(T;T; X ) =0(T 2 ), T — > oo (A.46) 

and 

M(T;T; X ) = 0(T 2 ), T -> oo. (A.47) 

In the case of congruence subgroups with trivial representation there are more 
precise estimates, that is (see UJ, page 159), 

I pi 

N(T; T; x) = - — -T 2 + O(TlogT), T -> oo (A.48) 
in 

and 

M(T;T;x) = 0(TlogT), T -> oo. (A.49) 
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